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A mc•del ·:::<'f the original fc•rm of fllzzy logic is presented. 
Tl1~ f1..t:zz;/ logic exte-nsiof"1 C•-f the chat-"acteristic funCtiofJ c•f set 
theoretic sample pc•ir1ts is reviewed as a lattice ·structure. The 
f\.tzzy l1:rgic trea:tr11ent .:.f the real ttl"'1i t iYsterva.l as a chaii"f witri 
its •::>rcierirn;; determir1ed· by the maximum .and iail"iimum of the lattice 
eler11eH''1ts is disc1..iss~d. The fltzzy rnernbership ft..ti'"iCtio.n is a 
dir1H:rrsii:•Yl fLtrictior+ (a n1ea.s1 .. rr·e} C•r1 this chain .. 

A sim;:;le fuzzy lc•gic is cc•nsidel"ed. Through its spectral. 
c;ecornpositi•=>l'1, the model is showl"1 to be realizable in t.erms of 
n1aty;icas which serve as 0 rilen1be~ship syrubols. 11 ihe mer11bership 
f~.rr1ctio?1 is showy, to be a Y1orr11alized trace--ie. the ratio of the 
t·:":ac:e ·,:,f t;ie rneri1ber"shio syn1boi. to the trace of the least· uocet"' 
~i:•uv·1d mS?rnbershi p syrnbc.l. The lcrg ical struc::-tu1"~e is decompo~~d 
i Y-it·::· a dir ... act ?tti11/d irect i'r'1tagral ·:if pt.tr-e idernpcd:eYtts.. ( Ir1 Jc.he 
cc·r-1"tii'"rl.ltlri1 lirnit these ta1'"'e Di:-"'ac Calta ft.tr-1ctic•..-1s .. ) The 
chir:ra~tsristic f1~trfc··tiol"1 is 6ornpclef::ed as a ve~t1:ir space and the 
fttZZY'- .ilii31Y,bt=-f''Si1ip SyfiJbol is erfl6Edded iYJ it .. 

Si-111ple it:o·r.s are pcress-r:ted iri •:iY'def' to vis1Jal ly exhibit some 
i::if ·the ciistinguishi-r,g features of ·the lattice operatiorrs. 111e 
u:stri x al ~Ei>bra is L.~sed ti:< exernol i fv d?"td eor11oa'r ... e di ffe~eri:ces ar.1or1a 
the ·r1or,-cC.r11p1eii1erited, tota1iy OJ""'ae;~ed iatti~e c,-z: ftrzzy 16gic; th; 
cir""th 1:•cc1 rn~lili1ei'"1tew, dis>tt .. ibutive latti=e c;tf classical ·logic? a:"1d 
t~1E r1•::1r1-distr'ib•~it.i·va·· lattice 01-= ~:p..la'tY'!t\m l·:rgic.. Ope·rat··iorts. ar-·9· 
i~·:.J'CYuduced which transf•:'.\rtrr the classical cirt.hc•c•:1r11plS.ri1eYtt. .. ai''!d thE 
fLtzzy ·cc1rnpler.1eY1t irr'~1:. eachc~t;ier. Pr ... t::1perties cif the various 
rept ... eseYitatiuris are disc-1~tssed. 

l!::!IBQ!lY~TIQ~ 

La logique est d'abord 
uYse scieY-1ce nat-ltt"'el le .. · 

------<L•:'tui·s RougieY .. , 1939) 

* This paper is dedicated to our frieY1d cmd c·:Hleague H. 
·Pie1''re Nc,·y·es whc· helped us tc1 appt"eciate the erapit ... ical n<att.tre. of 
scier-1t if ic fft<:.:i.de l i Y-•9 .. 
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This pa~e~ will p~esent an overview of a simp(e fuzzy logi
cal system .as a Ytcrn-c1:Ht1plementaci, t•:-tal.ly prderec, ~r.d ir1c6mplete 
l.ett :..ce. A ~pectr<al decoir.p.::•si 't i·:-.rr ar-1ci ico'tiic -rec.l i :<:~d: iol"1S c:,f 
fuzzy lo; ic will be developed in order to clarify some of the 

· 'formal cor-1seqt.1emces o·f the f1.1:z·zy real iz<:.t ion. i='uzzy )..:.gic: wi 11 
be contrasted with both cla$sic•l and quantum log~cs. Finall~ we 
will review somE.' ·:.f the ird;erpre·l;atiol'";s of fuzzy lC•£iC in li;;ht 
of our compari5o~s. 

Ee.rfoi"~ cor1sice·.-·it1Q ~ne pY'opel"ties o'f ·f•.1zz-y l•:1gic- .;'\5 a forrilal 
sys1:em1 it will be COl"IVe:"tieY1t tc• OlVt=: -a bri$!f S•iWi•<;\ry C•f ti-1s· · 
basic for-mal pc•stulai;.es of ·1.attic;s such as classic~i logic, 
fu::zy lcq;ic~ .:1-nd quaY1t1Jt11 lc·gic. We will 1"1C1t ac· i'i"t'CO a deta i led 
mat!"\ematical analysis, but wi l l pr•:.vide a fe'J>; simple examples to 
illust~~te our ba~ic points. 

Coir1sicier a sat <:•f elemental . (ati.:imic) . pr.:tp•::.si t ic•nli Ai C a 5e~ 
A ;; i 4i. i.Y1dex set) : 

hs~!1£8 E9a!~l~i~§ 

Partial OrdsY'i~g· frigi..,r-e la): 
A partial ordering is de1'1c•ted .f:: al"ld read "cc•r1tained witfliY-1° 

C•r 11 implies • . " Ai ,s; AJ means that, f or Ai~ AJ tf A, whel'rever tiie 
cr1teria for attributs Ai is satisfied, then the criteria for 
~tt rioute A.1 is r-1ec:essa:ri l v sat isfiacl·. - .. . ~ 

P 1 . Bs-f1JS.lii.!!il~ 
If Ai - ~ A1 . ·ther• Ai ~AL 

P2 Sntisymme'b-y 
lf Ai, A1 £A si..lch tliat Ai ~AJ anc Ai_:a. AJ ? ·theY-1 Ai = ::u. 

\Equality i :s - defined a bid irect ic•r1al a Y1-c isyrnriietric rel at ior1. } 

P3 r..-aoon~it~ 
r ·f Ai, AJ, · Ak E A such :that· Ai S: AJ .and AJ ~ Ak, ·then Ai ~- . 

AJ~ 

lM.PLICATlONI <PARTIAL ORDDIQG) 

IF ffi§Ii]&ffi§lffi, 
. TH&M ffi § ffi (Bquut.y) • 

iF m ~fiOJ.J a..m f!HG. . 
%
.· 

" . . .. 

Tum m~m. 
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P4 8.9.J.illl!iti2n <figc.1re 1~>: 
AdJ t..t;<"iC t ic•r1 (diSJUl'"1Ct ion) is d!:!l"10ted (Ai l1 A.J) aY1d. read 1'Ai 

C•l'~ AJ. " 

If Ai, AJ GA, then there e~ists CAi ~ AJ> .such . that. 
<Ai ti A.Jj is the l.u.b .. (A i, AJ>! · the least upoer bouY1ci C•f 
(Ai, AJ) • The l. u. b. is the sma 11 est att r i b1.d: e cc•rrt ai r.i rig 
both Ai & AJ. 

Ai U AJ means that for Ai, AJ, *' A., whe·flever the cl"'iteria 
fc•t"· ei'theY' att'r;ibuts Ai or- f •::iY- AJ is satisfied,· thel"1 th9 criteria 
fc•r Ai \l HJ is 'n~cessarily satisfieci.i For exarliple, · 11 persoi"1" is 
the l.u.b. ("boy;" "giY'l"). <If Ai ~ ''critel"ia" arid AJ ,§;_ 
11 c:ri teria7 " the.\l"'• Ai. u AJ ~1'cr·i teria .. " Fc~r axarnple, "boy" S:: 
11 animal 11 and 11 girl 11 s.••,;u'}imal~ n thei'"l 0pe'l"-·sor-1" ~"Si"'liMa.l. ''} 

P5 ~~n..l~r!~ii2r! <"figure 1c): 
COY'IJllY'iCtior1 is. der-1oted <Ai l\ AJ> arid r-aad "Ai and AJ. 11 

If Ai, AJ € A,, then there exists (Ai ~ AJ) '$ A such 
that \Ai 1\. AJ) in the g. 1. ts.' {Ai, · AJ), . the greatest lower 
bound of Hi, AJ •. The g. l. b. is the largest, at~rib1.tte cc•n

" ta. i·neti· by bot p . A.i 7. AJ •. , . 

· Ai ,. AJ .r11eaY1s that for Ai, AJ Q .A, whenever i::r1e Cl"'iteria. for 
Ai arid for AJ · av-e sir1ml tanei;:.L~sly satisfied-'!' ther1 the cr:i te'l"ia fc•r 
Ai · I'\ AJ al"e necessari l ~Y satisfied. 

Pc.stulates 1 - · 5 daf'i1"1a a ls.tt.i<.:.!t~: tin . the app~l"1dix we 
present se.ve'r"21.l icc•ns·· (Hc.tsse diagrams} that illl\strate the dif
fe~"irrg structi.ires; betweei"I s;omer of the liii!.ttices whi.ch we wii'l be 
conside~ing · within the body of th~ iext. 

ADJUNCTION : 

(OR) 
Aggregatlo.1,>; 

I; a ID lB lb§ !~u.b.(©.l!J) 
suell mat fil it f§ &. fu ii~ &at 

: IT m ~ill &. lli ii dl. T!t&N [E min • 

. . ; 

Fig~ lb & 1c: 
. . . 

0agiti2~! Er-22~ct~~~ 

CO!fJUMCTIOJ:f : 

[A~D] 
.Reduction. v 
IS • mm lb ~ g..Lb. (i?JJJJ) 

mich that rn §ff\ &. (; {;)Ill t« 
r.vt!lf!rn&dl~m. TilllH d\§~. 

,. 
I 

i 

P6 Com~~2ilit~ 
If Ai. Al EA, a.Yid either> Ai":) . AJ~ Ai · C.AJ,, or Ai= AJ, then 

· the relation~ is a . ~§1 gr.2§ri~B· Tne resuliirig latti~e is 
· cal l.ed : a ~bsiD· . C:Cornpa'l"'ai:li 1 i ty' de-es not generally apply ·to cl as-. 
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sical logic. We will . refer tQ this !)roper-ty iri •':AiJl" discltssior; C•f 

fuzzy lC•QiC, which .as we sha l l see lat~r, aS$Uff!es co.mo.ar abil ity 
as pai"\: r:• f its fOi"fllal structure.J 

P7 !f!.!:m~.i!Y vn. g ure id> 
There ex.isi;s; a prcq:>ositir.:1n 1 St,\Ch that r = 1. u . tJ. Ai! for 

all Ai 'f:- A >. I is called the ~r~Yi§l QrQ9Q~itiQn since it is 
~1~.§Y? tri.te . I is the least u ppe Y' =>i:•Ul"1d of i:hw s!!Ei:c~· lattice. 

PS 1::1.Y.!li!~ (f'ig •.ire le} · 
Ther-e exists a propos.it ion tZl sLtcn that fl) ;: g .. l. b. ( An · fcir 

all Ai ~ A >. 0 is cal led the ~!?3.YrE .Q:J::f1.Q9ai~1212 !since it is 
.sil~S\~3 fa l se. 0. is the greatest lower boursci C:•f 'th.e ~n.EJ.rg 
lattice. 

. Th~ '"TrtYld 'P'r.oposittoa.· ll ils 
. impli.94 b1 au th• 'otller propo

sJtious and Js atways TROE • . 

NULL rRDPfRJT·: 

Th• -Abslird l>rop~itioa" D 
Jmplies.all tll• otbec propo- · 
sitions and ts always FALSJt 

Fig . id & le t Tha I riemtity arid Nu ll Properti.:?S. 

P9 Com,e!,~me.rr~.5!t.i2n 
If Ai ~ A., t h sn there exists Ai+ 4Z. A si.tch that : < U Ai u A i~ = 

1 arid (2) Ai e\.. Ai ~ = tli 

P 10 !.!2~Ql~:ti2n 
Ti' Ai & A, t hen there exist5 Ai "- E A suc h that (Ai.&.,.\.= AL 

Pc.stLt lates P9 iand P10. d:fin&? ar• gr~DQ,!;Q.!!117.l~rog,n~, an e xample 
of which is the ' tradii;iorial negation. . 

P11 Qia~~ie~ti~i~ 
a) I'f Ai , AJ, Ak 

and <<Ai -~ AJ> u CAi 
I\ HJ) U <A1 .n. A~)) ~ 

.b) lf Ai, AJ, Ai< 
a1~id < <Ai u HJ) ~ <Ai 
~ AJi I\ < Ai ~ Ak)) . 

-
~-A. theYi there exists <Ai A <Aj rJ Ak)) € A 
n Ak)} ~A such that (Ai j'\. <AJ u Ai-0 ). = t <Ai 

6 A~ thei"1 there E'lXists (Ai u {A'J J\. Ak) > ~ A 
u- Ak); ·~ A such that <Ai ~ CAJ l'\ Ak>) = <(Ai 

The above· propositia~s are f or left di stributi~ity. Simjlar 
prop•:.si tions a~S•J hold for right di.stributivit y . 

P12 G.2~~'t.i.bilit.Y . 
If Ai-, AJ <:, A such that· 1'4i = <Ai ~ Aj) '1 <Ai A. P.JJ.) am:i <Ai 

ri .AJ>. u !Ai~l\r AJ)::::: AJ, then Ai arid A.J .:n~e compatible • . This is 
der.c:1t ed Ai 4 t AJ . 

4 
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· P13 . l]Qc;!Y.!.£\r:.i!~ 
If Ai 7 AJ, Ak, ~ A, ther1 Ai U <AJ I'\ Ak.i 

P14 H~ak ~ggy.l§rit~ 
If Ai, HJ ~ A then for Ai S,.AJ, Ai ~ > AJ. 

P15 ~2rogl~~~n~~~ 
A lattice,, L, is called ~or'1plete if for .;;my sublattic:e Li~ 

L, there axists a~ l •. u.b. and a g.l.b. 

Ver-tr1 diagrams <11.re a familiar pit::tc•ria.l re1:rresemta:Cio~ of 
classical 16gi~. IY1 this approach OY're COY1siders the relatiOYt$hip 
betweer1 pc•iYits · ·1~: a. plarre region, which is supposed to rep1"eser1t 
-ene sample spe.ce.. of son1e universe of discourse. One i.lses a 
tecnriiq1,,1e of p.art.i.tioni:ng the s~mple space (1..\aually by means C•f 

circles) i ~to $ets .:;f sample poi Frts.. Th i9 repY-sse·t"'ltat ioYt al lc•i-ss 
one to visual i :ze which sets share pc•il"rts in common.. . T.1is is. 
illu-trated in. figure 2~ 

AdfUIKUon Coahtn-eUoa 

• 

I A . (\ n ... wm1rn1 
I. 

A· UIIIIll & A.J.· § A..,. liiliH S: n- BAJ . · j 
Fi•!J.' v .... ma.,... c~n1 S01 ncmi.cu · 

B E.2!!!~ .2~ !§.2m2c.eoiam R!!ilHn · ~gnn Pliar.ru!l» »n.9 s. b.i!Hl .essmgn! 

W2 wi .11 r1ow 1'i1ustrate a one-to...:.orie pc•iY'lt-set. identific~tic•Y1 
b~tt-iee·r, the Ver1Y1 diagram reali:zation of class:i,c:al se·cs o-r1to the 
set .c•f , poimts of a li'i"se segmen•st.. <fig .. 3) i:Th~ Verrl"l diagram 
tcipcllogy \ is t!Q.~ pressl"'ved .. J Obse't"Ve that the pciir1t to point 
coropariso~s within each sample space allow us to identify the . 
cc•rrespoY1di Y'lg lattice· str1Jct•.1res. ·. !r1 this · r11ar1Y1~l"' one car. shc•w 
that 01..tr- iasu1tificatioY1 prestirves · the iat.tice properties. 

5 
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F.tg.~: AD. Jsomorp?l.Jsm betwee11 points la an ·op•o· 

\101vers~ or Dl$Course and polntS Jn.tile open unit 

intAl-nal. (The point.Ht identUic:aUon do.s not pr•ffrv• 

t.btl' topology.) 

IY.1 l96S, L. Z.adeh iritl"oduceci the r11ath~mai;ical theories of 
fuzzy SPets aY>d f 1.\zzy l.:·gic < Zadeh~ 1965) . · Thes.e fuzzy systeb1s 
w~re developed i1'1 part as: an attempt to 'l"'e;:n"esent l iY-1guisti c, arid 
thus~ . ho9efu1ly, c ogn itive qua ii fi.ers, ca lled · "het:lge£. 1

' Ir1 c:<rde~ 
t c• de:. this, Zadeh Y'C?placed the tradit.ional Boolean 11chara.cter
ist ic fur1ctic•r1, '1 which has. vc>.lt.ti\t10Y1S in the set {ft'I, 1} (i.e. 
Fa lse!' Tr1.ce>· ~ witn a fLizzy IM?t:1bershi p f\.mct i 1:m~H~ ) , wh ich has 
vali.1ati•:'IY1s withir1 the t:!!!.e!.. iut~i::·y~l· The b 1:.t1ndary po:i.rrts of this 
fuzzy ir•terva l ·ar e then identified wit h t h e "classi c al" B·:.oleayi 
vall\e5. We wi 11 denote the 'characte-rist ic ft.met ic•Y1 dete-rmi ·l"led by 
the closed re~l unit i i"1terval E0, 1J as i;he tQiE.l~f!J~i.:t. mgro~€tt:ab. i o 
f~mst!.£~'!· Ar-1d the chai"'acteri st ic furict :i:o\"l dli'ts-rmi r isd by ·the oper1 
real u r1i 'i: i Y1t. erval as the ptrictlx f•..lz ~ m~Mbershio function. 

1. "Jc•hr. li.kes Dick." vs "John likes .._tarre." · These can 
be expressed as~<Like/Dick; J c1hr1) "" . l, ie. "'John'' s mem
bei'~sn i p .:if' f0.icKi in ' l .ik.e 1 . is ' True 7 ." · Li kewise; . · · 
~~Like/J'ars~; Jo~\'\} ;:::. 1, which is read . 11 '. Jc•Mnl, s membership 

· of ;; Jar1e' :i.-."I 'l1ke~ 1s 'TY-ue'. " · . . 

a. 11 .JohY1 does riot 1 ike Dick."· . ·rt is cienoted~(not ~
Like/Dick ; John> = 1, ie. "'John''s membership o~ . 'Dickl i~ · · 
··'not-Like~ is 'Tr-ue'.;' Th is is identified. w,ith_..M(Like/Dick; . 
Johrt) = 0, ie» . .._.,John' 1 s mer.iber sh i !' i:.··f 'Di~k.' · i .ri 'Li-k.e' is · 
'Fals~'." 

3 . "JohY1 likes Dick very rr11.t~h" v\3 "JohYo l ikes Bi-11 . 
'. 5oroe whai;." This might be den0ted by, · say, -At<Likw/Dick ; · 

John) = • 87 vs, say, ~<Like/Bi 1 l ; John) =< .• 63 iY-1 order to 
s h ow t :nc.t 11

' J..:.rm' likes 'Dick~ Q!QJ::iE. · tlJ.~n 'Bi 11'." .. 

. . _ ____ ,__.__,,.,_,...~~.,,"""'"-"'~» .. , f!! .. t« •. ;.J; ,., •• · ......... .. ,.,,.,;..,..;.,,,,,_ ... _____ •••• • ... 
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Zadeh gc:ies or1 tr.:• argue that nat t.lral langu.rtges ex,M ibi t su~h 

gradati0\"15 and that t.he f uz:zy in.terpretatior:1 ·provides a way tc• 
raalize the ur1derlyir1g mathematicai struct1Jres. 

E21:mil Fu~6.~@ 
<1) Fuzzy MwMbership 

Fc:•r a relatior1 between a subJeC.'i: amd an C•bJect, there e>(ists a 
, fuzzy merrtbarship fur1ct ic1rvl<f <relat ion/obJeci::; !SUbJect ; v1hich is 
mear1t" to describe the exteyfi; of the r elatiorishio betweel"r 
them, A:sulJJect ~ •:ibJSCt 1 whet"e/iJ(.(r-~lation/obJect ;subJeei:} ~ 
(0, i; G R- Fol" simplicity i.-Je will fix the sub;J ect and der1ote the 
c:p.ia l i'f'icat;ion oi' the CbJeC:t by Ai (. i E ir1dex setJ. Thusfl<Ai) E'. 
< 0~ 1) . 

(2) Fuzzy AdJUnctioY.t COR1 - F u:z::t y logic empl oys the max as a 
l. u. b • .fa-<Ai U ;fiJ) = rnax <~<AU, I'< i=U, )_ )_ 

These twc· · fuA::ty latt i ce co~1Y;ective~ i n duce a .~Q!.~l 9!:.!:!~in£! 
<PG» on the lattiqe. This means that for all Ai, AJ t! A , it is 
a lways the c~:oe that~~Ai) Gu<AJ>~ ,.,cc<A~ > ~- u< AJ>, of'~(A~> = 
At (A;} . !:In 110~ 4 we illU$\:rate a r11.soo1t-ici from the sei; or . 

' poi;•t , which w; ideY1tified wit h the s~( thS?ciretic line· seg;f!ent c·f 
fig . l~ C•Y1t:c1 a air-ect;ad line segr11SYit. The ·f1,1z4y J.attice corn"1ectives ' 
induce a tc·t~l orderil"1g which rat<?.k.es the nl&\ppi r1g mather11atical ly 
feasibl&?. We car1 a lways situate t he set of "membership ar\"OWS" 

such tha;; they nave the same base poi nt. , We cam then order ther11 
· ar-1d 11 squeeze 11 EsYiY gaps out of ~ possibl'y ,discoY'l°i:inucus arrow .by 
J ust renaming the poi"ts. This is not necess ary but it makes the 
orderi~g structure more transparent.J 

" 

I 

0 

ratU.ce 
induced 
~rdEtring 

·Fig: '1 : rUZ2f togie·s adju..nction (toalC. ) e.a.d conJu.oction 
(m10 .) lnduct- a total ordeJ'IDP (min r . ) · · 
. 9 - ~ ma >r. , always . 
It, 1!# tra11itJona1 to 4•J>¥t. Uie laWc. ord•dng vfl'Uc:alty 
wtth th~_ l~st upper bound tying abov• th• g.r.atMt 
lower bouod. In the caG9 ot a chai.n sueh as fuzzy 108ic 
the ma~ wm tl<t abo?e th• min. This ls -;ailed a llaa~• • 
diagram. , 

7 
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(4) Fuzzy Complement 
Fuzzy logic does 'ff•:<t have a tradit ional. l"1egative Cortho

c c•mplement) as defirred by P9 ar1d P10 . Ir1stead, it t.;.eJects the 
t he p~stul .-ate of cornplemeY1tarity a~ defined by P9. An e l ement of 
A, Ai ~, i s d e f i r.ed such tnat ..A.cAi > .= 1 - ft< Ai> . Al.t h.c•UQh w.e 
wil l us~, the ter m· .. fu;i:zy co.mplementu wh en re'ferr ing t .:i the en~
meY1t Ai r , i t should be kept ir1 mi1')d ·t nat this is no t a t"t"ue 
cc1111plemerit . 

1Y1 keep_ir1g with i;ne "spirit of fuzzy., 11 we wil t asst.1me the 
str ictly f u z:?y domain, which tiOES riot irrcll.lde t he i der,tity, I, or 
i:he null s et, 0. As peifl'·1ted out by : Z~deh i\"1 his origir1al 
devel o pment of f uzzy logic~ the lirrii:t c•f . the r11l!'mbership f1.tY1C::tio?1,. 
when valt.tated at the bott7rdary poir1t<J:> C0,. IJ, . is preci5aly the . 
cl«\ssical resu lt . In a st·rict l y fuzzy mode l the UY1iol"'I C•f Ai with 
Ai ..P. dc•s• r-1c1t · oive the entire Ul'iiverse of discourse Ci . e • . 
Tt'loH<Ut<Ai), ,M<Ai4 ) "'1 alwaysJ,. - rrqi" does the inte:rseetiijn.of Ai 
wit6 Ai ~ yield the YH~ll set Ci.e. min< )4 <Ai>, J't<Ai f-»? 0 · · 
a l waysl. The f 1.1zzy comp),ememt is still lY1volut1vQ, i.e. Ai f&:; AL . . . . 

We w i 11 ~row presar.t · iccwii.c ·realizations of · .. fuzzy lc•g ic · a .. nct 
obs e rve t hat t hey have· the sat'lle str ucture. Lat.e r 'ir1 tr1e pape'i" we 
!.i ill oresent c.the r visual tc:rols fc•r exarnini ;~10 · l.att·i c e "!:Structures. 
Ou.r p i.etc.ria l approa ch is ;::>resented iii QY-der - to develop a c l e.ar er 
i Y1b.dt ive Lli"1der standiY1g Of the str~tcture C•f fr.tzzy logic • . 

: ·rncifriti~_tri 1· .:: · 
·--~- . 

Definitions: 

I 

s o-""_']._· u._...j. [L.__:11.•1-~-1U_flt]_· . 

~jlln~tion: 

Jt.•t .M.e,n11i 

fl = 

F ig. 5: "F~ 1 trat ior1 ~eor15i" f'or F\i2zy Log i c. <Th t:!s e v isual .' 
t ool s; depic-c · th~ l.att ice ·structure of fuz:.i:y logic. >. 

8 
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. Marat~ B~eR~~g~ra!IQ~ QE EYi~Y ~Q§l~ 

E!:!;.~~ Mti!tl~!:atl.ie ~ki.£§a: 

·1y, this sectioY'I · ~ matrix represer1tati 1:>YJ for ft.1zzy l.::•gic 
is provided. A matri>< r~preseY'!tatiori of ·a leigic is a home.
morphism · <a rnany-to-C.r1e, st rttct ur-e preserv i l'"1g icieY1t if ic-at; Ol"!) 

from the la.tt ice onto a cc•i lect ion of matrices such that the 
.. 1attic~ propert ie$ are- p't--eserved. The sets of the prc•posii<iorial 
system wi 11 be .ider1t i fied w.i tn proJect i()n operatot"s. 

A .Q.t:.2J~i.2I! 9PEU;:!),ts?r is a matrix thai:: is rrorri1al and 
id~mp•:.teYJ"C. A mat.rix is '~Q.tmel 'i f it c.::iwmutes with its adJoir1t. 
Two· operatc•rs A & Bare said . to £2!!,l!!l~!i! if AS= BA, . ie,,' if the 
order or m•.tltiplication does riot make a diffe'l"ence.. The .ef!J~r!~ 
of a raatY-ix . M is equal ·to its c:c•mplex conJ.1..tgate traYisposed~ A 
matrix M is i.9.!.roe~;r~.~n!!_. if M-.z.. = M. · The eigemvalues c•f a pro-

. Jection operator . al'.'~ thus 0 &.1 c•r1 the real lir1~. 

A rnappir1g will now be exhibited from the "filtratiorr i.eol"ls" 
of the previ•:ot.ts sect ion OY'1to proJec:tic•Y'l operators. on the d iagor1a l 
of a Matrix. A .09!:Il! will bi? def·i?1ed O'() the :space? iY'1 orde~ tC• 
provide for · the cc:Yicepi: of ieY1g.th .. . This. norm · wi.l l ir1duce an .iD:O.!r 
grQQY.S~ or1 the represe-ntation space. ·. The irw·1er. produot will · . 
a.llc1w us to discuss the concepts ct'f oY'thogorrality arid disJointec
r1ess.. Two subspaces. A, B are . Qt:;~Ql2Q.9tl~!. ( 'A .J,; Et); .. ·if th~i r inner 
p'r"oduct: is zero. A aY1d B ar'i 9.iu2int i'ff A Si .Et..L,. The Matrix 
represeY1tatior1s pre5eY've the underlyirrg· ~attic::e 5>tructur.e o'f· · 
fuzzy lc•g ic. . · 

. .. 
. IY1 .:.11.i!" matrix representation the fuzzy membership· operators · 

become !:!ir~s::S .!J:LM3 jgi~!· iDjcg,m:~l~l of proJeotion oper-atoY.s. 
"Every· proJect ic1r1 ope'l"ator deterini nes a subspace -wh ich is its 
rar1ge; ar-1d conversely, every · subs;;p4'ca ill determi Y1es a i.lrdque 
project ior1 operatol"' with rar1ge f:I. " (Jauch, 195Ba, p. 35.) The 
fuz:c:y membership fur--1ction is recoverabl12 as the trace c;rf the 
Yiorrnali~eci raembership operators. The ft.t:zzy membership ft.mctioYt 
.car1 be showY1 tc• pr•:Nide .ca dimemsior. 'Fur1ctior1 cr1 the lattice. A 
!!.iro.@~iO!,I f.YD£1:.i9D (Bi.rk.hoff, 1961; Birkhoff and vc<n Neurna~Yi, 
1936; Jauch, 19G8a, 19680>, v<.a>, must satisfy the followirig 
~ond it i or1 : 

' v<aJ ' + v(b) =~<a~~} +~<a Ab> 

· CleaY'ly~ th~ f\.tzzy membership function satisfies thi.s Y"eqL\i.\"eme~~ - · 

~(a) +f't<o> =·f <a Ubl +.)t<a·· n- b> :; maxt-(a),~(b)) .+.miny.c.<a.),f"(b)l 

The f~;%y . space ca~ be ~~mel@t~g by taking the gi~~~! aYfil 
i9ic@~t · i..n:~@S.t:slL. · of ~ r11embersh i p with its f ,uz :zy ·comp 1 em amt. A . 
complete iYiY1er product ~pace is a !:i!.l!;;!~rt · ~122~· . . This, allows· us · 
to take advant.aoe of well known properties of HilbeY-t space a.nd 
t<::• compare f?...tz:zy logic. with the familiar matrix represe)"ltat ior1s 

'of class~cal· a·f"1d quarctum logics. The· mei'ilbersnip matri,ces are 
seeY-1 tc• r~s1Jl.t from · . .a spectral decompi:•si t ic•n o:f f1.tl ly coropat ible 

U&. 9. .; ,'t . ~~l!. l'(~.":!)J11)ii( ;pj;e, . 4c:t CB, .e:JE ... U HO 

. .· ~ . 
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pl''CtJectior1 operators r:1r1 the Hilbert space.. Th is c•ccurs because 
di;;tribut'ive .lcl(ttices, such as fuzzy logic, which have cc:•mmut:i.r1g · 
Measurement oper-ators, have fully red1.1cible represer;t atioris. 
CThat the p~oJection operato~s commut~ is equivale~t to the 
subspaces beii"lg reduced. '(Jc•rdar1, 1959; ·P· '37, esp • . T h m. · ic:. 7> J 
Th is is 1?C!Ui valent to the statemer1t th;at all states a"l"e· si.tpar
selected or that the· system is ~las.~ical frc•rn a physical view
p0.int.. CE<arut~ 1971, p. G; Bel t · .... amett 1 , aY1d Cassi nel l i 7 1981; 

HJauch, 1968a1 1968b; Maci<ey, 1963; Piror1, 1969; Wic~, Wightmar1t 
anci Wigner., i 952J. Th is is discussed further ir-1 the c!,'.:mcl us ion 
of .the paper. 

~Qo~~rY~~!nY ~gm~gr_.?hi~ Ms~~i~gg 

A ~B~S]rsl g§s2m~~i~ion of an operator p~ovides a rep~e
ssr.1tat ion of the .:•per at or as ci:1rapc.sed !::ty its proJect iOYl opera-
to~s. A ~9!S~Cg! mg~auc~ in Hilbert spa~e is a measure over aYi 
opei"atc•r' s aQ~Stl:Sil ~2M!aQSiti2!2- Ety the fundar11eY1tal ~Q~l!:~£ 
threc•l"eM , t:here is .!.\ •.tnique corresporsdemce between self-ad ioir1t ooerators arid their soectr-al decomoosi t ion. ''The one-to-on~ . 

, COrreS?O\"ldel"1CQ Of the. Speetra l measure C•f"I the . real line to th~ 
6Slf-adJOint C•)Jerator . !:.il"I a Hilbe-rt ~pace~ permits us to Y".eplace 
one ~J. i tM the ot her. 11 

, (Jauch, 1968, p. 35. > ·Thus~ the ~2!Si~~l 
t:~aQ!.~'ti.QD Qf the C•perat_or is fully ec:!' .. tivalent tc• its 5pectral 
dacompol3i t ior1. (.Jauch, 19€.Ba~ .. 1972). , , 

· Th!ii filtratior1 icorss of the previc•l.l5 sectic:•Yi c:ar1 be aliY1ed 
0\"1 the dia<gonal of a niatr-ix. We can consider the zerc• ooirrt of 
the, fuzzy i~c:1r1 es beginYiing in the lc1wEr l"'ight Mair1d col"rrer of a 
unit ~~triM~ · The ~xten$ion flength} 6f the fuzzy icon will equal 
the f1 .. izzy mer11bership aYsd will. collil'\eate with the 9.ie!lQ!!~l. o'f the 
roaiiri x. Frt.:•m th is perspect i va, we see t hat ft.tZ'ZY cai"I be realized 
as a fully r~dt..tcible direct surn or di"f'ect. integr-al realizatic•n. 

Let 1,ts defhie a membershio oi:ief".ato:r M<A.il in , the .f0:llowin2 way 
~A· , . 

continuous: r'\ A;,. '= S 'I~') d~<.tc. \ <. 1 a> 0"' w 

discrete: f\\.,_· : ri \t'?.(\'l < .. 1 o) 
) tcr.=t 

(See fig ures 6a a~d 6b) 

. The tr~ce is the sum of tne ciiagona1.l ell11erits of ··a .matY'ix.. A 
(!Qr.I'.!! car1 be defined Ot"i C•rJr space a.s tr Otl <A i fri.(A)J.t SiYic:e M<A> 

· i$ a ~.!ilf=.E!QJ.Qi ri:!!_ (.or !:i.§l::ID!!!i.S.!:!> C•peratc•t', Pt UH = ilHA ) • CA 
·Self-adJoint operator has real spectra (or eig&!nvalt.tes). wher-r it 
i$ diaoOYli\lized.J ' The riorm o~~ovides a hcmc•morohhim C•Y'lt•:. the 
fl~\ZZy membensr1i? fi\t1etic•Yr .. < Tnis gives us the Concept Of lenath 
adcit"essed by f1..1zzy~ We can . add the additional a'l""lgular i-nforraa._ 
t ior1 strltct·ure C.•f orthog-ol'"1al ity .by hav:i Y'lg the Y10Y'm induce ar1 
inne~ product upol"I the space <cf. pp. 244 245':' SimmoY1s), which 
we Y1ormalize t h(ls tr [ft1(A) M<FDJ I tr 1~ · 
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Rei 
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ll-l 

0 

(~l l 

. JI 9 s )k)dk(llf • s d !11 It 

~pet,Ue-~; 

l 

O' 0 

• ~dlrudlrn• &<H>dl4J 

l . 6(t-J) 

• S1t>d19nS ~U> 
o· 

• :Joo·i• .lo+l 

ll 
~x t 

i:~l 

fo'.r fft'SJ' t•t'- • 
<JIJ) • 6{1-1) 

, ..... '-loti<t. 

<ii•> 8 <t.,~1 ... 

I 
.I 

I 
·i 
l 

I 
i 

Fig. -Ga: CoYtt i'l"'1UOL\S iYiernbe·t'shi p Symbols for F'uz~y Icons • 
. (The$Fui"1ctior1.:i'l is defir1ed in fig .. 7;:.) · 

Since· it is slightly· ;ncrre tractabl.e rnathemat ical ly1 we will 
peY-form our calculatioYJs · with the cc•l"ttii'li..tO\.\S ca•e.· Tne discrete 
case wi'l l fc•l lc•w essel"•t iai' ly the same pattern. Not ice thai; in 
the ciiscr;i:.te case Cfig .. 6b) i k>. <kl is the · lkk element · c•f the 
identity. (Orie .sho ws trivially th~t the membership syinbols .M<Ai>· 
a l"e ider11potent, M<Ai)M(HiJ = tri<Ai) . J · ·~ : . . . 

. Rather than iY.si:egY-atir1g ·from 0 to_)tCAi>, for. which "the limits 
are · di f fererit each time we· cto the ·integration,. it is . convenient · 
to use ~implifying .mathmatical roethod5 ~hi ch wi~l allow us .to ' · · 

11 
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MtmbersbiP. Matrices; 

lgennitlon:l 

(.BUc:nt.) 

ll • 

I 
l~erties: I 

{#r--k...- :o..na:) 

• · (ifj)"" .&°(i j).a ( I ;( 1- j 
. • 0 1f l ... , 

Jt+l -1---;..:,, 

" -t---.:.;,;:_;;j 

·-~ 

(oDil .Proj.,..\ioa Operca\o.ra9 

8(1,1) 

• liuXil • ~ lln. 
( C<nopl•\•a•••O 

.• "'11• 1 =.:· 6(i,J) 

• Vu>. ~ r•~ .. U> 

I 
I 

Fig. 'Gb: .Discrete Membersi"l i!J Symbols fc•r . F"uz:zy Ico'(ls .. 

:. • 

'.· , . 

integrate c1ver the s ame domaira 1:0 ti:• 1J for al l cases. l'l"I order to a ce'."'"" · 
or119lish this, let .us intrc1duca the Heavyside step fuYrctioYral (see· 

f i g u Y'~ 7 a) • 

S ~(Ai} - k) == 0 · ·& l I 

= 1 ·J.f 
or 

~( k ~r <Ai>> = 1 

k <~<Ai> 
k > / <A.i.> 

e <jt<Ai > 

1"" . .:: .. 

kj 1 
= 0 

c. 2) 

if .l.'f <Ai) < k 
'if /"t <Ai> >" I< (. 3) 
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Qdipi,tion'; 

- d 9 (l-J) 
<h. 

Ju--., ! 
' ~ 

o . ! IC 
0 Jl.11 I 

Fig . 7a: The ' Heavys i de St e p Fu~ct. ioncal ~ 

Cc·mbir1ing (. ~> with. <.. U 
l 

N< Ai> = ~ l\<.?0(tc---jU{Ai)) ·d~<~I . ( . 4> 

The derivative of t he. Heavysid e function is a Di~ac de lta -
f ul"Tct i 0Y1a l (see f i Q uril 7b > .' ·-

( . 5) 

1~m11IJ!;U•H11-1~11lrl!J~~ll·!1ll!ll!M'~!I 
Dirac: Ditl ta f'unc:tional: l . -

l!!Uni~S!!l;. E1:2}l1trtlff: 
I ' 

8(1-1) • Jim G<U>. •nll tll•t f(j) ~ S P(I) 8(1.-J)di ~-~, . 1 
li•(s<i.i> <"•r.11.tt1>) ~- 1. 0 

d~~l-J) - 8(J• l) 
! 

.11-a,~11.llj . . . 8(1- J) Ill I 
! .. 

GU. .. j) .. 
i.t•l HHJ i.-•-t •' 

( 
~ ? . i 

' ' ..... ~ 0 A~ Jl.t!J "-l"'-1 o · JO.a ; l ! . 
,, i 

. I 
Fig. 7ti : The Dirac. Delta Functional · · 
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(. 6) 

The riegative of of this derisity is .:w·1 iciempote>'lt projection 
ope\"'ator. Each of these ope1"atc•rs is ol"thogona.l to al i 6thet:. 
sueh operate.rs.. The set of these densit ias provide an ortho
neirmal basis fc•r decompo.sir1g the uriit. 

The fu:z~y lattice is Qi~!.t: .. H?.!J!i~~· If orre takes the ~!:'!!£~ or 
s.1..1r11 c•f the diagcmal el.er1ieY1ts of i'lt(A), the membel"'»hip cqJerator, 
.;., .. ,e ·::ibtairis the fm:zy m~mbership fur1ctio1"'1. ln the discr<ete case 
.;:. ...-,e m1..1s;t t.ake .a normial ized i;y.aae~ i.e. the ratio of the trace of 
the fuzzy member~hip matrix to the trace oF the id~ntity mat~ix~ 

The idel"ltity mat"rix is ideY'1tifi~d with the least upper bc•Ltr1d 
•:•f the dor11ai~1 wiiich reprlisents· the total •.~riiverse of. ciiscour.'se. 
GY1e car1 racc•l":strw~t the i de'l"1t it y by compl et ir1g the spa~e.. We do 
this by takiY1g the direct si.u11 <o~ ir1tegral> .:If 1¥1t~h> ar-id ttl(Aif > .. 
(see figure B~ 

111 HH > ~ 11 <Ai i t> -= li: (. 7a> 

ntrmsnm: 
«:o-pa~u. s-,1. s..-> 

= $ = + 

(. 7b> 

bbUa( 0.d,.,.•Coap..._.t •A4 Fcuur.7 
c:.m,i~--.. lat• Eec21ootltff 

I 
·! 

I ------------1 
Fig's. Sa & Sb.: A Completed Fuz:.:y Space and the Relation oatween . 

the OY'tho-Compleme'l"lt and the Fuzzy ComplemeY1t. · 

. . Thus, we .»ee that $i1'lc:e it is ~t~ictly true that! <.M<Ai>, . 
M<Ai~) <:)t,~eithtir MC~i> Cir M(Ai~) represgy,t s a. suospace. of . 
th&? other. Al~c·, bo'th are pr oper subspaces of the (col'llplet'e) 

· Hilbert space. I-t is i111porta~1t to riote, however, that M (Ai) and 
M UH.;.) .ar~ pg:E_ orthogonal althci1.tgh they c.ai"l ·be cor1s~cted 'frc•m 
a com~lete c:irthonor111al . basis C•f proJection operators~ . . 
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Irsn~f~rm1ng ibft fyz~~ J;om2!~§n! sn9 1h~ Q~~b~Qffi9l~m~n~ !nto 
gssh .Q~het: 

Let u5 call .:i,y, open"atol" A the S.Q!t.ll!.9~~ of ar1 <:•9arator B by 
a Ir.!n1lf2.tm.!!i2n 9,g~re!.2!:' T if A = I B T-l. Because the trace is 
order ir1dependent <tr CA · BJ = tr CB AJ), · such a transfc•rmat i·:.r-1 is 
trace prese-:"vi\'"1Q (tl" A = tr CT B 1·• J = 'ir C:B T ·I T:l = t~ B>. !rt 
a Hilbert space, a trace pr~servirrg transfor-mation. ·is a u-nitary 

··\or arrtiltY1itary, by Wigr1er' s Theorem) 'transformatioi"'•• 

· .We will nc•w exhibit iiuch a 1.u"iita.~y transformation that· rna.os 
the ¢Y'thog•:inal' complemerrt arid the fu:zzy complement int~ each 
othel", ·r11akir1g them cc•r1Jugates tsea figures Bb & 91. 

M HH ~ > = Ui'?l <Ai Jo, u-\ (,. $) 

.The trace of· the l"1ormalized ideritity is 1. 

tr_X·= 1 = ~[~\\Qd.~~~D~~t~~~(.fl 
Sir1ee the trac:e is cc.risei"ved tmde~~ Ui'ii.ta\l"Y tran$f~~mat ior1s of -Ciie 
whole space .. 

·Ol"le can intuitively thir-1k of· the proJectiori operatc•l"S or thQ 
gpectral dac:ompr:1sitior-1 as ~1:£!~· aluY1Q the d.iagonal o'f a. matl"ix. 
<Orlov,. 1'375, i97B~. Schwingel", 1;370., who begins by literally 
»quantizing classical logic» withift a spectral realizatio"i Trai
Y10l" arid Wise, 1979, esp.. sect.. 5. 3 whef"e ii "slot." approach to 
)"epresentat ions o? symmet'r"y groups is d iscussoeci. ) . We i 1 lustl"ate 
this in fiQs. 6a I 6b. In fig. 10 we illus~~ate ~he .filtration 
process that c1ccur$ durin.g the multipl ica-!;ioi""I of 11 f1..tz:zy slots •. " 

Since the fuzzy .lattice sti"ucti.rre can be represented by . 
~lm~ltan~Y~~ ciiago~alized mat~i~~' it is a prope~· subclass of~ 
a more ger1aral matrix algebra which admits off-diagonal elements.~ 
This. oc:c:urs foY' l"1on-distrib1.ttive lattices such .as •re· four1d in 
quaY1b.1m logics a.Yid is a col'"lsequeraca of r10'1'"1-ccmmutiY1g proJectic•ri 
o.peY'ators. The r1c•r1-commut ing algebr-a of the Q.Q:§g'.CYeQ.1~ . Qf g.Q:z:= 
2i£al s~.Q§i:C .. tgnsg . i .s c9nstr1.Jcti 1:<ns i:i~d: of such open"'ators • .. It i .s . ' .. 
p~ssible~to operationally G9na~~~£! an §m91:c.!Ssl! lQB1S for ~m-
piY'ically ctiscerY1able alternatives or empi:ric::al. , questio·,,s · 
<Bir.khof.f arid vor• Neur1lann, 1936; Finkels;.tein~ 1963, 1968a., 19G8b; · · 
Jauch, .. 19G8a:~ 196Bb; MackEy, 1963; Oshir1i> arH::l McGoverarr, 1979; . 

. 'Oshi_ns, 1982:; · Piron 196.4, 1976; Put\:-ie.un, 1968;° voY; Nelu11arrn, 1955). 

Upon being exponentiated, the quarttum' commutators -generat·e the· 
symmet'r"ies aY1d transformations of phy5ica1 e>q::ierieY1ce.. ·They ,f~l"'m· ,.,.._ · 
Y1atul"'al · equivaler1ca class stuctures of :alterl"iat ive possibls, · 
al thougt.1. rnutual ly .exclusive, · bases· .wi thir1 the Hilbert space that. 
carries the represent at ioYis. We· ~uspect that . such i~S?i;!1!£ .. !-.2l~ · 
equivalenee· c,l"ass structures are. · important fc•r abstract thought .. 
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Given: oo.= Sti) IG(*--J1.11)di.(il 
0 

..L ' .. Ril. a fl .. mt .. = S11>l(11.11-•)da(1l 

Theorem: 

= 

I 
• 
I 

. :a 

t 
= 
l 
= 

-

Q ' 

i l 1 · &u-.. > · · 8<-..•> 
SSS h-i>di~ (J(Ar*)d•<,n)dt<1.;.il 
ooo 
t s h-i~ @(~1t-i)dJ.{1-il 
0 .. 

l . 
.. 

s h•i) (1- {)(i-.11.R}) Ji(l•lf 
0 . 

l . s lJ>( 1 • @(f1-J1.11]-·I)) dj (jJ 
0 . . . 
1 

S U>®(i-(1-P-,,J)dHH 
0 
1 

S U>~(J~Jl.!>J;{JI 
0 ' 

~! 

1. 

l 

I . 
ln quantum formali~Ms o~e eonsiciers a type of ericodemant of 

patterns arid of regt.\ larities. ir1 physical experieY"1ce which is 'at 
f;_1·ridama-ntal variar.ce witM classical parallel pi"'C•ces:s modelir10. 
The quaYit um prc·~ess ·is dascri bed as a 11n6Yi-sel ect 1 r.g r11aasur~: 

' .r11emt~u. <EchwiY'1gert 1'370L It occuy.s wheY1 two empirical pro
cesses are posstble but there is Y1C• . emp.irical' pr«::>c:e_ech.rre th.at .is 
capable. of distir1g1..tishing which or1e has actt.1ally c•cc ured • . ·· It' is 
the,,-eby ·empirically r11eani:r1glass. to speak there beir1.Q individual 
event' s . (i'l"I :tn~- Cla,ssical ~er1Se C•f havir1g C! · fully defined · tand · 
fixed sample sp~ce). QuaY1tum tfle•:ory formal 1y prc•vides f c.<r this . 
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Fig. 10: The Matrix App':"oacil to Fuz::;:y t11ultiplicatior1 . 

t.ype of f1..1ndamer1tal !!.filQUYi.~ by means o f 
.· duc.i ble eq1.ti valeY1ce . class struct r.1.res. h';\Thi!~ . 
.accomplished with iri classical :•1<:.1dW1ls.~ 

!lyometries O\"I irre
S~n DQt be for~ally 

As iYri gir1ally .discussed by von Weizsacker <Heisenbel".'g, 1958; 
vor1 Weizsacker, 1955, .1958;.. 1'36"3, 1971>, t~;e l;a.ttice of· St.tbspac$!s-.~:; 
in Hil ber.:t space provides a Meta-logic for our logic. · This is .·. 
true in :Che following sens~. Ir-1 a l"a,on-distribut'ivit lc•gic, such . ..... .. · 
as ctLtart'i:ur11 lcigic, it can be 11ti'ue" that a statement A is. ... "true .:;;,... :· 
faLse ... wi.thollt statement A being "trLte" or •tatement A beina 

~ .·, 
"false. 11 

Ove-r the past several .yeal"'s from his · i ·rnprisonrnent in . the a 
Sovie.t labcr camp., Yuri Crlov has beeY1 attemptirrg ·a· quaY1tum 
neuroph_ysiology of coracept!:i that . is s:i,rr~i lar- to7 · al thc•ugh irads
pendent o.f,, our own. <Oshins,· 1'383a) . He considers a type of 
ambig• .. dty wh.ich ·he calls i;l. ''doubt state"' in a s_ituation the\i; tias · 
"i ni\decp..tate res•::>.lutioYi. 11 Orlov1. s descri ptiol"1 ·of. Harn let's ·so- . 
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1 i loquy, 
tr.e kir1d 
ty which 

11 Tci be en·'"' Y10t ti::t be? 0 <Orlov, 1962) is a gcu:1d exar11ple ·of 
of irreducible, non-distributive, possibilistic ambigui
we have in mind. 

Orie ca.n conceive of a uwe 11 that is UTcirn or Ja1"1e 0 bltt is Y1ot
nTon1H aY1d is Y1C1·t '1.Jarre. u Indeed,. alt:hc(ugh "i-fe Oi" She 0 r11ay be 
true, 11 Blacku r11ight be the 0 adeqt..tate Y"°esolution° (0~1ov, 1981, 
19B2; Oshins, 1983bl of the experience. Or, one might consider 

-an iY•reducible C•::incept of "people", as distinct frc•m an enLtraera
tive useage, as a sub-cc•llection •:•f attribute filters which are 
able to be equivocated arid thereby igr1ored. For example, if .the 
construct appropriate to a cor1text asks for "pe•::iple" ther1 Tom and 
JaYte would be equivocable ar.d gel"ider wc.uld J:!Q! J;ig ail!l.!l!!::!i.SlQ• If 
the ccmtext required a Mari/Woman then Tom ~ JaYte woLtld r1o;i; be 
equivocated. 

We poi \'1t out that chi ldrer1 •:<fi:e\'i form sLtch mathematical 
"degeneracy". A child frequel"ltly will call a cats, dc1gs, cows, 

. arid horses by the same r1ame, say. dc•g. Our ini:erpretation would 
be that the child is riot selecting out certain percepts or 
concepts. "Dog" may thus mear. "fo•Jr-legged animal" to the child. 
Si:n1ilal""'ly, HLike'' is t'!Q.t ULove" ar-1d it is riot 11 r1c•t-Love,. n i.n itli.a 
a!!!l'.\!a!l!. "Like C•r Yiot;:-Li ke". §E!§!l:l all the al terr1ati ves. <Oshil"ls arid 
JYicGoveran, 1979). 

The §f!s!l is the coi leci: ior. of al 1 possible 1 i r1ear super
positions of the· vectors being cor1sidered. In this sense it is 
the lea'St •.1pper bound of the possible vectors. Except i'll t'he 
trivial case, it is nc•t an individual vectc•r arid it has .a higher 
dimensic•nality. Fig. ·11 illustrates how a simple proJective 
gec•metry, such as is fo1.md in qual"itum theory, provides a reali
zatior. of a non-distributive lattice with 3 elements. 

We oroposed that certain abstract concepts such as 
"Loveh-lot-Love" & "Like/riot-Like" may be· cor11plete pairs of !ii'!§= 
el:!~ Q!!!la!i!!!Q§!!i;. alternatives coded with a Hi.lbert space 1"epre
ser1tatior1 , i\'1 that either pair spans a complete space al"id allows 
fc•r oroe to partition or1es experier1ce, but that they are linearly 
deperident withir1.a Hilbert space. The interpretatiorr of Dirac's 
"principle of linear superpositic..,..," ·<Dirac, 1969; Feynman, i962l 
might be ·fo•.md withir1 a Hilbert space superpc•sitiol'l of act1.1al 
firir1gs the neural codir1g mechardsm. (Qshir1s al'\d McGoveY.an,· 
Oshins, 1982l. 

Orlov s1.1ggests that q.Llantum logic type ·c·f structure might 
1-iave a l"'ole in belief functic•ns or in. will functiol'is in terms of 
oi'!es capacity tc• choose arid implemEmt alternative cor1struct 
,frames of refererice. He suggests othel" cognitive applications 
arid other memtal f1.mctions which appear to be associated with the 
superego of psychoanalytic models. 

Wher1 the>'e ·is ccmstruct ambig•.tity as to which iric:ompatible 
frame is· appropriate within a Quantum formalism, one speaks of 
j.J:)gJ!!!J!!l:!!!iJ:i.sJ;;:I! betvieen il'1teract iF1g/i\'1terfering observables~ Such 
observables are composed of pr.0Jectior1 operatc•rs which are inggm= 
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Q~i!..!?!!, ie. they f1.inctiC•l"l as "Y10rt.-CC1llinea'tii1g filte~s. u Q•Jan
tlHil j. y,detel"'m:i nacy is computed ·from the trace c.f ·~9filf!.IJJ:B9Jt.QC.§, 
witnin the matrix algebr~. (The commutator of A with respect to 
B is AB - BA, ie. tMe diff erence betwe2n the two orderings in 
r11°"'trix rot.tlti!llication, v.ihich vanisne.s ide\'ltically ir1 fuzzy 
logic.) · 

O:R • Aggregate 
Smallest tlting contalnhlg t>otll 
Plane 

Aiad .. Reduction 
Larg9St. thing In. common 
Po~ 

? 
AO [8U C] = [A fl Bl U [AOC] 

? 
AO [Plane] - [Point] U [Poind 

. A !. Point 

_...;._X-'--

A08 

AUB=ouc= CUA 
AOB•BOC= CnA 

Fig. .11: A ProJective GeomGtry Reali-zatior1 
of .a Nor-r-Ois·cribut i ve Lattice • . · 

I 

I 
I 

I 
I ... 

I 

These :COT!lri!Lli;atorS; 0 gerierats 11 change aYld other tra'l'"l!::rf'orrn.a
tions wfthir1 the equivalent b•.tt !'il.!:lt!:!S\lh in~emm!!r!E?~r.ei!. (eol'l1plmte 
orth.:.-ric.rmal) Q.5!.a~~ ~i.t.i.m~ tn at "car'l"y the. l"~pt"ei;er1t at iol'is. 11 

Si.nee the cor11mutators are· tr-i vi ally vacllou~ fol"' f µzzy members:-ii p 
symbols~ they .G.Eb !!9.'.l!. · prtivide fol" such tr~Yisformat ior1s.. We have 
suggested ~lsewhere .<Dshins, 1981> that ~hese equivalence class 
transforma~ioYis 1;indel"' ly the induced structure of' · internal meY1tal 
represerLt$t i •:1l"1$ such c;.s have beey, foUY1d by Shepard . (Sl"lepard, 
1'38.3; Shepard and Chipman, · 1970) ~ • We would say that tMiili e>tpi::.ner'1-

. tiated,. r10Y1-cor11r11.uting algebra of . qua\'ltum oosevables 11 geY1erates 11 

$Yf1'!r.1etries thr•:•1..tgh the. automorphisms of the. und.erlyir1g ~attice 
str-1.1ct 1.tre. 
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Basas •!'Jh•!:!Se prOJectiOi"l 1:1peratot"S do Y'IC•t CC•ffli'11U.te carr l"iOt be 
made to. ~.1i.n~ flush with ~ach other. One carr thir1k · ,;:cf this as n•:.t 
oei r10 can issi..1e .of whether C•r ;riot the · al terriat ives are· Ai C•Y' a.re 
AJ, ~h~r9 Ai " )t AJ, bi.i t whet her- or' not f:!i is i; he case •::<r' BJ is 
the case. Tha.t is tc• say, qt.tar.tum str1..1ctures assert strol"'lgly 
tha~ there are sucM i"compatible (ie~ it is false that Ai ( ) 
8J) physical 1:;bservable struct1Jras. TMese structur-es .!2QW.!25'!~ 
wi t:i aachother for· i::>ei ng able t.::1 be si mul tanec.usly real izee:J • 

. .This is thi:;? fc•rmal meal"lir'•Q of physical iY'lcieter.minacy .. 

. . . 

Although we have exjjressec:i some reservatic•ns i~, this papel" 
about tM~ efficacy of fuzzy lc•gic to rapreseni: i:Me logic- of 
ex par ieYl~e, we have found som~ hsl pf·ul i nt1.tit ive uY1derstand il"lg 
from this <iipproach . t-.le believe f1.1zzy logic to be ar, iY"1teresti'i"'ig 
and valuable approach t o modeling linguistic function~~ despite 
our raservations as to some .of the underlying latti~e . 
assi.m1ptions. Oi..n·•' owrs appt" 1:.aoh is s imilar, but we co\'"1sicier Yt•:Jl"r-

di~tributiv~ lattice5. 

Part c•f the power· of the qua'l'\tum logic poi-rrt of view. is tha-t 
there is an isom.:;rphism betwser1 thii 1.attice of empirical proposi
t icrns ar-1d the ohys'it!al roJ.•mal ism. <Bi.,...khofff a:rid von Ne•.w1a:nn. 
1936; vors N~um~r.'t:~ i 955). This prc•vic:ies a Yia~uY-al model. to look 
for l'H?l..tY'•:J~hysic•logioal C:Oi:'l"•::ilates •:if. cog·nitive-/lo.gical s;tl"•.tc'
tur~s • . 

Naga'i:ic .. r1less, logics also occ1.tr withil'l physical rc•rmalisms. 
<Fi Yikelstei Y11 1 '372~ 1977> These a.re or-ought a.b-:lut f"rora a mor·~ 
il'lclusive 2r.::•1..ip struc'tul"e. thaY-• the unitary Orse c.-f quawcum the•:iry. 
Ch"I~ can sh•:.w that in c·rdai'' tc• havs a i'Hiioa.tive cc•deci iY1 the 
irifqrmatic•l'1 cc·ritel"lt of iriformation sig-r·sals o·r1e must have a 
syrichrc•r1izati•::ir1 betweel'1 the preqaratiori eif the signal and its 
riiaas1.ir.e:mmt.. We have suggested elsewhere that suc-h a syric::Mr•:•r-d
zation process might pro~ids a com~actificatio~ process th~t is 
nece$s.:\ry fc•r the format iol"I r.:.f cc:n··1scious states. <Oshi·,.,s anci 
McGoveram, J.979 ~ Oshir1s, 1982)" In a fu'l:a~re paper, we Mopa tet 
furthen~ address some of the. represe'!"tat io-rial arid psychc•logical 
piauliarities of Fuzzy logic. 

Il'": this apperidix we illus.;trai; the ·lattice Hasse diagrams for 
the ba$ic thY'e·e types. C•f iattices wh ich we havi=o discussed in this 
p~per, the classical~ the fuzzy, arid the non-distl"ibllt i ve. We 
wi I 1 corisiciEB" exar11ples ·with three elemer1'.tal build iY1Q b~oc::ks. 1ne 
1"'1.1les f•:•Y' drawir:g the. pictures alc•1'lg with .the irrterpretatiorrs. a-re 
found · il"r Figs •. ia..:.e .• 

The first c:iia£rr..r11 is represel'"l'i:s the si:1"uctur.e ·of a c: la.ssic:al 
lattice C•:cmpared with its equivale?i'it Ve\"!Y1 Diagram. The second is 
a fuzzy chai·n of 3 6:lefl1e'fltsv · The last are e.xam.ples er Y'IOY•~ 
~istributi~e lattices. 
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1t is a -cnrecirem that sn:t: 1"10r1-distl""ibt.ri;ive lattice has 
either the fi rst of the last of thes~ diag~aMs as a suolattice. 
Ir: t he r1ein-ri1c•dular case\' it seems that one equivocates <forrns. 
adJ unct ic«r1 with) between the left i ntermecliate level and bcd;n of 

. t he intermediate level s on the r i oht har1d side of the diaaram. 
ie. i t ~q i.ii vacate? parts with wholes.. - . · 

Ai 1 r11ci<:iul.ar '.i.at:'ii ices ' have fir'ii te 11 uni ta:ry represeY1tations'-
ar1d lik~wise ~11 finite t.lr1itar-y represerr~ati.:ms are mociillar. , il"IG? -

weakly-m•:•ciular lattices h~ve i n'f"i\~11 te d inieY1s ional uni taY-y. repre
.ser1tat io!"ls i:of the syr11metries~ Should ou·r .tentative inte:rpreta"':'" · 
.·l; ii::m ~hat thi-s is how the 'special linear group iY1 two- dirl"letY1sions 
. would be represeY1ted be C£;<rrect, then . the 11ce1pacity t.:;, rnpd1.i.:... · 
le1ri:ze" tilight be .,.,eces$ary for c1:::ir1sci •::iusness. Ii:: wo1.\~ld impose . 
the· met-ric str~1cturs '1'1eedsd Tor a 1"1egative t o the!!- logic=: (Fir.kel
stei n; l 972, 1977') arid make the manifold compact. As r11ent ioned 

· above, we s•..1spect ~hat global r1eurol·:igical syYu~hronizatic•n co1..1lci 
be r esp6Y1sible. , , . 
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Fc·r Ai, . AJ, Akt E. A the retlationship Ai u CAJ .,,, Ak) C:.Ai I\ <AJ 
·~ ·-u Ak> holds for ~n~ lattice • . 

V. P~rd{ava <Plir1kava, 1971) has ir1troduced a dei"initicn of a 
well formed. clC\5>•i fit!at ion Cl"i tel"io1'> <WFCC) as a oomplete 
orthqnormal basis system.. "Every cla$si ficat iol"I cri teriori 
which is r1c.-t a WFCC is called a spul"'ious classification 
systliitTB <SCC>. ''. He: goes on i;o s1..q,:g;i!?s:t; that exchanging the 
tr1..rtn value c..f •::ine or more of the basis elements of a wFCC, 
thereby degradil"lg the classificatii:m criieriOi"1 so that it 
bec:oraes C\l"l sec, may be respo'f.15i ble for psychot. ic evel"1ts si.u:::n 
a.s these exhibited il'"1 zchizophreni.o~. Stl"ictly f1.1.::.::zy is 

. .el~s~.§: a sec within this i?1terpretatioi"1. . 

"All dia~or1al matl"ices ccimmute, al"1d the prc•duct of two 
diagonal ~at~ices is again diaponai.•• CWi2ner; !959, p. B.) 
As a reemlt, ft.1zzy lc•g ic is OYsly ernbedded within our matrix 
algebra which i rs general WC•Uld have off-di agc·flal eleme11ts 
alc•r1g with , th& on diat;:1.onal ones, ie. the!l"e ars obs!?rvable 
~1 ... t it ies \.<lh•:•$e •::Operators can nc·t be sir1l\.dtanec•1.tsly diago'l"l
ali.zed. Orie f'i Yrds such irrec:iuci ble represent at ior1s with in 
q uar1t i..m1. theor ies 

4. ." ••• there is r-10 di ffer-er1ce between the poss ii l i ty of ·dea
scri bil'"iS a rei;;tl oY. imagined mode of · behavi•:•Y' completely aria 
~nambiguously i~ words1 and th~ possibility o realizing .it 
by a f"iYrite for·mal. neuY'al rietwork. · The two cc•Y1cepts are 
coexter-1sive . .. 11 

.... every rset ••• can c:orripute only s.i.~ch Y1W11beY-S · 
as Ci'i\Y• a Tul·"'iY19 machlt"le •• ,.each or the latte.'!" ,.-.umbEJl"s. c.a\'\ be 
cor.ipt.{t e:d by such a 'f1et ..... ii \ vc•n Ne1.unanr1, 195 ~ > • 
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