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8 model of the original form of Fuzxy logic is pressnted.
Tha Fezzy jogic sxtewsion of the characteristic Tumction of set
treEorehic sanple polints is reviewed as 3 latdice structure. The
fuzzy iogic treatment of the real unit intevval as a chain wiith
ites ordering determined. oy the maximum and mivimun of the lattice
glaments 1is disoussed. The fuzzy membership Tﬁﬂﬁtxﬁﬁ is a
gfimermsion function (8 msasure) on this Qhalﬁ.

A giwjla Fuz y &mgic is considersd.  Throush its spectral-
gecomonsition, the model is shown to be realizable in terms of
mabtriges which sarve as “menbDershic symbols." The membership
“wwctiaﬁ iz shawn To be a normalized trace--—ie. the ratio of the

anz oF the membership symboi to the trace of the least upper '
sabng mEmbershio sywbal.  The logical struchture is decomposed
%%m a direst sum/direect intsgral of pure idswpotenits. {(Irn the
qbam 1imit these are Dirap mbelte Turcticns.)  The
tmriztic Funchion is completed as a2 veotor space amd the
senDErenlo symbol is empecded in ib.
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romE are preEssntad in orcder ta visually exhibit some
guishing Teatures of the lattipe operations. The
Ekra is used o &gempli%y ard compare differences among
non-conzienented, totelly ordered lattice of Tuzzy logicy the
nuaamulxﬁau%ﬂﬁ, distributive lattice of classical lomies and
aon~distribabive lattice of guantum logic. Opsrations ars
sducsd which transfora the classical wrihoosmplement and the
v momplenent indo eachotner.  Prapertiss of the various
TeE Eﬁ%%»l Jat- -V dlscnSmea-
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INTRODUCT ION

La lcgigus est d’abord
ure sceience naturelle.
—w————(Louis Rougige, 1939)

* This paper is aedzmated to ouwr Trievd and collzague He _
FPierre Noves wio helped us to appracaa»a tﬁm grapirical nature of
scientific mﬁaﬁzzﬁn . > ~




This papsyr will pressnt an overview of a simple fuzzy logi-
cal system as & nonm—complementad, totally ordered, and incomolets

iattios. g smestral decasnncssition ardd iconmic reslizations of
Fuzzy logic will be develoned in order to clarify some of the

Farmal oonBeguenoes of e Tuzay reglizstion. Fuszy logieo will
ve contrasted with both classical and guantum lopios. Finally we
will review some oF the intsrpretasiions of furzy logic in light

of our oomDariscns.

afare ponsidering The nwaae“t19$ of fuyszy logit as & formal
it will be convenient o give a brief sdwmary of fhe
rinal postulates of lattices such as nlassical lapgic,

i, and guardtum logic., We will not go dinio & detailed
Wat%ama cal analvsiz, Dut will provide a few szmyle asxampiss 4o
illustrata sur pbasic poinmts.
FORMOL, FOUNDOTION

W i, O il T e -

Corsider a sat of elemental {atomic) propositions 81 € a sef
{1 € index ssb):

£ ;Ewéﬁﬂléiﬁiﬁﬁ

Partial Ordering §(Figure la): : : :
6 partial orderirg is derncisd &£ and rvead "cordained within®
e Timplies.” QAL €83 means that, Tor Al, A3 € A, whernaver the
1veria Tor attribute A1 is satisfied, then th@ oriteria fcw
attribute A3 is recessariiy satisfied.

Trhres oronerties cafine a gartial owdeeing:

P1 Refipxiviby
IT A1 & 8, then AL & Ai.

pa is : ' -
If AL, R & A such That Ri &A1 &and ALIZ Ay , Tnen A1 = Aa.
{(Eguality is oefined a bpidirecticonal amtisvaometric relation.)
B3 i

TF A, f3, Ok € A such that Al € A; ard A1 €84, then 81 £ .

IMPLICATION 2 (PARTIAL ORDERING)

Reflexive: [} & [,
Antisgmmetricz IF JSH& B S0,

- c ' ‘ ‘rmwmamm@mm.
. |en Transitive: IF (lEFaGSE,
' ; _Tuen G186,

. da@: The Partial Ordering of & Lattice.




P4 fAdiungiion (Figure 1b): N _
Rdjumcticn {disjunction) is demcted (AL 4 A3l and read A4
or ALt :

If Ai, A3 &€ P, then there sxists (Ai W A3 such that

(A1 ¥ Azl is the l.u.b. {(Ai, A3}, ths least uooer bound of

- {Ai, A3). The l.u.b. is the smallest atirioute containing
poth AL & As. :

fi O A3 means that Tor Ri, A3, € A, wherever the criteria
foor either attribute BRI or for A is satisfied, then the oriteria
for A1 W Al is necessarily satisTied. For sxample, ‘oerson” is
the l.u.b. ("boy,” “givl™:. {If AL € "eriteria® and Qg'ga
"eeiteria,” then AL W /) ¢L“Qr1ter1a,“ For example, "boy"’ €
Hamimal®” and “"giril® t;“aﬂzma¢." then ‘persaon® s&“ahimal.“}

PS Comjunction (Figure icl: '
Covijunction is devated (AL o Ry and read "AL and Aj."

If Ai, A3 € R, then there exists {(Ai A A1) €A such

that (BRI A A2} is the g-l.b-. (AL, A3), the opraatest lower

" boung oF Bi. Ale ThE B l.3. iz the largsst attribube cor—
~tained by Botn fi, fAl.. ' : S

Ai & A) means that for AL, A) € A, whenever the oriteria for
Fi oand Tor A ave simultanecusly satistied, fthern the oriteria for
Ai A A3 are necessariily satisfied. : -
" Postulates 1 - 5 defirme a lattice. IIn the appandix we
present several icons {(Hasse diagrams) that i1llustrate the dif-
fering struntures Setween some of the latiices which we will be
comsidering within the bodyv 2 the texs.

LREE ]

Reduction

E
&

EepobZew(ah)
such that B 8@ =EED & |
lrﬂﬁmﬁﬁgm.nmsﬂﬁg.

B=BoDE Lus.(0.b)
B smaunaadBaihab &
SHra8daDEd. mnEBgd,

R At

Fig; 1ib & ic' .nguﬁatiom and Eeﬂjuﬂctiqn om the lattice.
Aagitiona ﬁeagtzigg

P6 Comparability - - L v 3
If Ri, #3 € A, and either A1 ﬁg. Ri- (:ﬁi, o AL = Ay, then

Hhe relabtion is a lotal ordering. The resulting lattice is :

celled a chain. Etompawabilityfdaés ot geEnerally apply to clag—




sical iogic. We will rafer to this groperty in our discussion of
Fuzzy logiec, which as we shall see later, assumes comoarabliity
55 opart af its formal atructure. ]

p7 Iderntity (Tigure id}
There exists a praposition I such that I' = 1.u.0. ( Ril fFor
all A1 ¢ A ). I is callisd the frivial propositicn since 1t is

alwavs true. I iz the lgast upoer bSound of the gnctire lastice

_— e e s . —— —

P8 Nullity (figura 1i2)
_ There exists a oropasition @ such that @ = p.l.b. ( Rii for
all A1 €08 ). @ is called the absurd Q?“DQQSI‘C].OI’: since it is

always false. @ is thne preatest lower oound of the entire

| 10ENTItY PROPERTY: e Fl now roremrY:

B81us. (B8 & 4 | § Ben (000l &

Bl Vogengd [ P8a, Yapeud

“The “Triviai Propesition™ || s B . T

The ° : B} The "Absur -
implied by ail the other propo~ !m;ﬁn all :h?:&?:t;zp?i :
sitions and is always TREE'_ E{  sitions and is ulways FALSE,

Fig. 1d & le: Tne Lumﬂ::.x:y arid hull Prooerties.

e,

P9 Complementsation -
b ere sxists AiY € A such that: (1) Ai v Ai* =

IF AL € A, th the
1 and (&) Ri aniv = @

Pl1@ Involution
IiF A1 & &, then therz exisis Ai%* € A such that (AL ™ = [l
Postuwlates P2 and PL@ define an grgggggmg;egggﬁ arn axampie

of which is the traalumaﬂai regat lan.

P11 Distributivity _ X
&) If Ai, Ry, Ak €A, then there exists (Al n A3 v Ak)) E A
and ((RLI A A @ (Al A Ak £ 3 such that (Al » (A2 W ARJ) = {6
A FEIT W (HL M RRI S _ ,
5) If ARi, A3, Ak & A, then theres exists (A1 U (A n AKY) €&
and ({Ri ¥ A1) w (Al @ AK)) € A such that (AL W (R i ARY)Y = ({A
W A1 K (RI Y AR :

The above propositions are for leTt distributivity. Similar
propositions also hold for right distributivity. 3 '

P12 Compatibility : ;
if A1, A1 G A such that A = (A1 » AN ¥ (A A Mm% ang <A

n A3 U (A A1) = A3, then AL and AJ are compatible. This is

dencted Qi dee—d A3




P13 - Modularity : : <I)-
i¥ Bi, RI, Ak, € A, then B1 W (A3 n AR} = Bi n (A3 O AKiL

Pi4 Weak Modularity .
if Ri, A3 € A then for Bl & A3, 81 &> §;.

PIS Completensss -
- 3 lattice, L. iz callied gompiste 1iF ‘F‘Csr“ any subliattice Li &
fy there exists arn l.u.D. amd & 0. l.D.

Verp Diagrams

Varin ciagrams are a Tamiliar pictorial representaticon of
classical logic. In this agproach orng considers the relationship
betwszern ooivis im a plane regilon, which is supposed to represent
tha saupla spacg $Ff mome uwiverss of discourse. UOne uses a
techhnicuwe of partiticning the sample space (usually by means of
civeles) into sets of sample poimtes. This resresentation allows
ene to visualize which sets share points in common. This is.
iliugtratad in Tigure E.
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e

] 5

y

i1
i

el FiER

Gt
e

Av B~ [

Complementation

ﬂﬁzgzmmemnmumnmmmmnmuusmmmauggxnmmma'

—

R Peoint Set Iscmorphism thmagﬂ Yerm Diagrams angd a Line Saument

We will now il!uﬁtrate a one~to—ons painﬁ~spt identificaticon
petween the Venn diagram realization of classical sets onto the
set of points of a line segment. (fig. 3) [The Verm diagram
topoiopy ris put oressrved.] UObserve that fthe point o point
comparisons within each sample space allow ws o identify the .
corraspoanding lattice sbructures. In this wmanner one can show
Cthat our idenvificsation pressrves the ;attaca propertiss,




AT36Z7 ..

AT
Fig.): An isomorphism between poiats in an “open”

Unlverse of Disconrse and polals in the open unit

interval. {The point.set identification does not preserve

the topolegy.)

INTRODUCING FUZZY LOGIC

in 1968, L. Zadsh introcduced the mathematical theoriss of
fuzzy sets and Tuzzy iogic {(Zadeh, L1%6%5).° These fuzzy systems
were developeod in part as an attemst to reoresent linguistiec, ang
thus, nooefully. coonitive gualifiers, called "hedges. " In ocrday
to do ©his, Zaden reolaced the Traditional Bool=2an "character-—
istic FTunction, ¥ which has valuations in the set {@,13 {(i.=.
False. True), with a Tuzzy membership function M{A), which has
valuations within the rsal interval. The boundary ooints of this
furzy interval -are then identifisd with the "classical” Boolean
values. We will dencte ths characteristic Tunction determined by
the closed resl uwnit interval é, 11 as tine ggtgi@iuzzv'@embetgﬁgg
functicn. And the characteristic function deiermined by the open
real unit interval as the stprictly fuzzy membershio Tunction.

Let us comsider as exanplss:

1. "Tanm likes Dick" vs Yiaohv likes Jarne. ! Thess can

be sxpressed as MlLike/Dicky Jon? = 1, ie. ""John’ s asw-
bership oF *Diewn’ iw *like’ _is 'Truea’."  Likewise, '

/AA(LiRe/Jaﬁe; Jahn) = 1, which is vead "’John'’s pembership
of TJame?! in T1like! is *True?. ¥

_ 2. "Jonn does nwot like Dick." It is denctedddinot-—
Like/Dick; Johw) = 1, ie. "'John’*s membarship of *Dici’® in
Tpot-Like! is *True’.? This is identified with yg(Like/Dick;
Johw) = @, ie. *’John''’s mennershio of *Dick’ in Like® is

'False’.” ;
S "Janm likes Dick very much vs "John likes BRill .
soMEWNAatT. ” This might be dencted by, say, ,&KLik&fﬁick;

John) = .87 vs, say, AMLike/Bili; John) = .63 in order to
show thnat "’ John' likes 'Dick! mgre than "Billt.®

— ey =L

"




Zaden goes on to arguse that natural languapgss exnibit such
gradations and that the fTuzzy interpretation provices a way to
raaiize the underlying mathematical structures. :

Eormal Es.zzx@

{1} Fuzzy Membership )
For a relation betwesan a subject arnd an aobiesct, there exists a

Sfuzzy membership Tunction i{relation/objectssubaect) which is

meant to describe the extent of the relationshipo between
them,,ﬁ:subgact - mbject. where Alrelaticon/obiect jsubyect? %
{@d,1) & R. For simplicity we will fix the subject and dencte the
quaiification of the cbject oy Ai{li € index setJ.ThuS/A(Qi} €

(@, 1).

{Z) Fuzzy Rdjunction (ORI - Fuzzy lagic employs th= max as a
l.u.b.,&jﬁi ¥ A83) = max iy&jﬁi},jkiﬂj{ )
(3 Fuzﬁy Conjunction [ANDI - Fuzzy leogic employs the min as a

g.l.tﬁ./m’ﬁi N B2} = min {/b.m:‘.),jkmﬁ )

These twoe fuzzy lattice connectives induce a fctal corderino
{B6) on the lattice. This means that for all Ai, A3 €48 , it is
always the case that A{AL) CufA)), MAL) 2> ulAy), or &lAi) =

{Aszr. L[In Tig: 4 we illusirate a maspivg From the set of
which we identified with the set. thzoretic line segment of

DTG,

fig. 3, onio a qirected line segment. The Tuzzy iattice cormectives’

induce a8 total ordering which makes the mapoinp mathematically
Teasible. We can always situate the set of "wmembership arrows”
such ©that thev nave whe sames base point. . We can then order then

‘ard Ysgueeze' any gaps out of & possibly discontinuous arrow Sy

Just renaming the points. This is not mecessary but it makss $he
ordering structure sore transoarent.d -

e

laltice
induced
ordering

i B .
\x___lj———"/__ °

-r;g‘,'f : Fuzzy fogic’s adjunction {raax.} and conjunction
{min’} induce a total ordering (min. { max., always)-
It Is traditional to depigt the latitice ordoring vertically
With the least upper bannd lying above the greatest
lower bound. In the cace of a chain such as fuzzy logie,

the max. will tie above the min
iy _ ] S Th.i.s {s <alled a llasse




(4) Fuzzy Complemernt _

Fuzzy logic does not have a traditional regative (ortho-
conplement) as defined by P9 amd P13, Instead, it rejects the
the pﬁ?tulate of complementarity aiidefined oy PS%.  An element oF
R, RALIT, is defined such that (A1) = ¢ -,duﬂi). Rithough we
will use the term “fuzzy complement™ when referring to the sia-
ment Al , i1t snould be Kegt in mind that this is not a trus
comolament. :

in ke=ping with the “spirit of Fuzzy, " we will assume the
strictly fuzzsy domaiv, which does not include the identity, I, ap
the null set, @. As acinted out by Zadeh in his original :
deveisoment of fuzzy lopie. the limit of the memoership fusetion,
when valuated at the boundary points (@, IJ; is orecisely the .
classical result, in a strictly fuzzy model the umion o Al with
A1 does not give the entire universe of discourse [i.e.
max (Qi),)ﬂ“&b@) L1 alwaysi, nor doms the intersection of Ai
with Aif Yield the wull set L[i.e. ming 4R, MiRid) )T g
alwaysi. The fuzzy complewent is still involutive, i.e, @i

icenic Representation of Fugzzy Lonic (Figure 9)

We will rnow present igonic realizations of fuzzy logic ang
chserve that they have the same structure. Later in the oDaper we
Will sresent other visual tools Tor examining lattice structures.
Dur pictorial aporcacn is presented in order tao céegvelop a clsarer
intuitive understanding of the structure of fuzzy logic.

i -rinradoriconss of FazaLagics

P
0 ' i
®Q -

Fig. 8: VY“Filtration Icons” for Fuzzy Logic. (These visual -
tools depict the lattice structure of fuzzy logic. ).

8




 MATRIX REPRESENTATION OF EUZZY LOBIC

Fuzzy Membership Malrices:s

Iy this section a matrix represerntation for fuzzy iopie
is provided. A matrix reoresentation of a logic is & bhomo—
morohism {a many—to—orne, struciure preserving identification)
from the lattice onto a collection of matrices such that the
-iattice oroperiies are preserved. the sets of the arunasatzanai
system will be 1ﬁ&ﬁt1f1ed with orojection Qpﬁrabows.

A gregection operator is a matrlx-tha% is nermal and
idempotent. A mabrix is ngemal iT it commutes with its adjoind.
Twa oparators A & B are said to compute if AB = BR, de. if the
order of maltiplication does viot make & gifTerence. The adigint
af a matrin M is egual to 1ts comples conjugate fransoossd,. A
matrix M is idempotent. i ML = M. The eigenvalues of a pro-

. R v S e Y Ty e b e

Jeetion coperator. are thus © & 1 on the real line.

_ f mapping will now be exhibited from the “"Tiltration icons®
of the previous section onte orogectiosy epevators on the diapornal
of a4 matrix. A rnorm will be defired on the space in order to
provide for the concept of iemgth.. This norm will induce an inner
produnt on the representation space.  The immer groduct will
aliow us to discuss the coneepis of orthogomality and disjointed-
FIESS. TwWo subspaces. A. 8 are erﬁQEOEa; ( R LB, if their inmer
sroduct is rera. A and B ave dizioint iFF A L al. The matrix
reprasentations pwegerve the underlying 1att1ca structure of
fuzzy logic.

) In our matrix vepressntation the Tuzzy membership operators
pecome direct sums (gireot integprals) of projection operators.
fEvery orojection opsrator detarmines a subspace which is its
ranpe: and converssly, every subsnace M determinss a unigus
grorection aperabor with range MY {(Jauch, 1368a, n. 35.3} The
Fuzzy memnbershis Function is recoverable as the trsce of the |
normalized memberships opsvators. The Tuzzy membership Tunction
can b® shown to provide a dimsnsion Tumction on the iattice. A
dimersion function (BirkhatF, 1981; ERirkhofT and vor Neumans,
i%363; Jaucn, 1968a, 19688), vi{a), must satisfy the following
condition: ' ' 2 s

wia) + vinl = via % D) + v{a @ 0
Eiga?lY- the fuzzy menbership Function satisfies thia-reﬁuirememé;'”

/u(a) +/4,(n) ﬂ/b.{a U o +/uia o) = nax( (a),fl.(m)) 4 mn‘syafa) /l.\ib}}

The fuzzy space carn be complebted by taking the direct sum
{direct intearsgl) of & membership with its fuzzy mnmelﬁmaht. A
complete inner product space is a Hiilbert space. This allows us
to take advantane of well known properiies of HllePt space and
to compare Tuzzy logic with the Ffamiliar patrix reoresentations
‘af classical and guantuw logics. The membership matrices are

sgen to resdlt from a spectral decomposition of Tully compatible

9
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progection aperatoes o the Hilbert space. This ocoours because
gistribubive lattices, suech &5 Tuzzy logie, which nave commuting
measurament operators, have Tully reducible represeriatiorns.
[That the orcjection operabtors commute is egquivalent to the
subspaces being reducsd. {(Jordan, 138893 p. 37, eso. Thm, 18.733 -
This is sguivalent to the statement that all states are super—
szlectsd or that the system is clasaical fram a physical view—
peint.  {Bavab, 1971, p. 63 Beltrametti and Cassineili, 1981;

Jauer, 1968a, 196803 Mackey, 1596337 Pivaown, 1365y Wick, Wighitmar,

ang Wigner, 19521. This is discussed fuwrther in the conclusion
of the paner. . ' '

BpEQTRQg ggcampngg TION
Copstructing Mewbership Matrices

A sgentrai decomposition of an operator provides a reDrgs

s by W e s =l o —

semtation of the operator as composed by ifts progjection opera-

tors. £ spectral measure in Hilbert space is a measure over an

cperatar’ 5 spectral deceomposifion. By the Tundamental spectval
threcren . ihere is & unigue correspondence between self-adjoint

o el A i, e e, . P

aperators and their spectral decomposition. "The one—to-ona

*corrasnﬂnaenca af the gspectiral measure on the veal line to the

g@lf—adioint oneraﬁor Cim a Hilbert spaeal permits us o veslace

one with the cther.” (Jauch, 1968, p. 353. } Jhus. the speciral
rescivtion ¢f the cperator is Tully eguivalent o its SDecuraL
deconposition. {Jauchn, 1968a, 197a).

ihe filtration icoms of the orevious section can be alined
ovi the diagonal of a matrix. We can consider the zers point of
the fuzzy icon &s bepinming in the lowsr right hand cormer of a
urmit matrix. The extensicn {(isngtni &F the fuzzy icon will egual
the fuazzyv membershipo and will coliinseste with the dizgonal of ths
matrix. From this perspective, we see that fuzzy can be realized
as a fully reduciple direct sum o direct integral realizaticr.

Let ug defire s mempershio ocoerator ML) in the Following way

MMy ;
continucus: May = S ‘;g;&ug&\ . : : {.1a)
: -
p‘s ’ i e .
diserete: Ma, * Zf'ix-?gg& . {u 183}
fzt _ ¢

{8se figures &a and BD)

. The trace is the sum of the diagonal elements of a matviia A
norm can be defined on cur space as e MAS T MLAYI. . Tince MR}

‘is a self-adigint {(or Hermetian) operator, M{A) = M{Qt'}. A

Y R iy s et .

self-adjoint operator has real spectra {or sigenvalues) when it

is diagonalized.] The norm grovides a homomorphism ontae the
fuzzy membershnip functicon.  Thnis pgives us the concapt of length
adgressed by fuzzy. We can add the additional angular informa-—
tion structure oF orihogorality by having the novm induce ar
inmer produst apon the space (eof. pp. 244 -8#5» Bimmomsl, which
we rnormnalize thus v LM(Q} Meay1 / te 1. : :

1@




| ;Membership-Svmbolss:leontinuousi
Membership Matrices:
Definition:

«ammmﬁﬂq. .
= § wdkai = § 108k-ne)drcr
0

| i tmm—

24

(Continmonn} 1 X
I g { 1odeai u (a1,
o a

Eroperties;

1
* §8K“JE;§E §¢i-i) d]Iﬂ for foxxy logie .
_ ) . <D - §{iag)
e _ im guantem Logic .

1
N S!*>Jiﬂiﬁ;ﬂ!!} ¢ i) g Grger-joomplex
E:]

]
tr$ o dent
3%

I 8 (1=x)
W d1dcri

1
kS =l

Fig. Ba: Continugus Membershio Symbols ?aﬁ Fuzzy Icons.
(The@Fumctiondl is defivned in Tig. 7a) '

Since it is slightly mcre tractable mathematically, we will
perform our caloulations with the contimweous case. The discrete
case will Tollow assentially tihe same pattern, Noties that in
the ciscorete case (Fig. 6b) i (ki is the Ikk element of the

identity. [One shows friviaily that the membership symbals M{RL)

are idempotent, M(RLIIMRLY = M{Ai}, 1

Rathew than incegrating frem @ to M(AL), for which the limits

are different sach time we do the intesration, 1T 1S convenient

too use simplifying mathmatical methods which will allow us o

13
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Definition:

{Disorete)
B, = >£: .
; =} il

; "-n!

Ay representy the membership index

]Ik"l.h*l

e k411

(5 — - En

LY

{erm)

26=4
:ﬁ G

¥=Un;
>
k=1

o Gl = §(,i) = [

(EG“T Hembership Fancti on.}

{Biccrete}

- Hﬂiﬂ tr mﬂg

i EC Disarels)

Discrete Memders

omain
cauce

integrate over the same d
omalisn this, iet us intr
Figure 7aj.

ac/u\mi) = )
or '
Bk —/UL (Ai))

i

1 1f o2

o i 1

@ if K (/ﬂ4

- G{/Ami} - K)

lraqfl

]In-l b -

For o an m dimensiorai (=28}
representstion -p-u Hodifioslion fag sn odd (=2 N“t}
dimensional rpece in :trdg:u forwerd.

(Elnit Pro jeotion O‘nrnla":)

$ 8.1

R 9“{ Iy,

- j-l.nn 1
Discrele

. 8(i1)

« Vi, ZIZ myué = I

nip Symbols for Fuzzy Ioons.

in ovrdger ta acc—'

@ to 131 for all cases.
the Heavyslde step Tunctiornal {see
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Heavyside Functional:

Definition;

1 # K>
g()"l"k)u i k(’:;:‘l

. BProperiiss:

Bk=nq) - =G {zp-k)

- d8G-1  dBG-i)) _ d80-4)
ds T di

Fig. 7a: The Heavyside Step Functional.

Combining (.3) with {(.1)

t o ) T
MiAi) = ‘glw‘?e("'ﬂfﬂn)dg(h} - {.5)

The derivative of the Heavyside functior is & Dirac deita
furnctional (sge Tigure 70.

A__’S.'&L‘Aﬁﬁﬂ) T - Sa‘ﬂfﬁ;}) | (v 5)

Membership:Symbais::

* feontitiuoust |

Dirac Deita Functional:

Detinition: et

- 1
E{HJﬂl{:ﬁfﬂ* sueh thut F(i)-lts F) §(-) ds

o bascna Y. b
1,::: _(ﬁ:’; GCarap}=t s __J_ld@f‘“’ = 8¢-1
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ship density

e

i the continuem case, on® can oefine a wmemb
dmiﬁi}fqﬁﬁﬁi) = - Iﬁﬁﬁii}aﬂiﬁi}! .63
The negative of of this dansity is arn idempotenmt sraojsction
aparator. Eaech of thegs coerators 1s orithogonal to all gther

such aperaters. The set of these dewsities provids an arzha—
normal basis for decomposing the urnit.

Eompleting the Space

The fuzzy lattice is gggirggm ive. IFf or@ takes the trace or
sum of the disgonal elenents of M(R), the membershin cperator,

onz obtains the Tazzy napbership ?Uﬂctiﬂﬁ¢ in the discrate case
ove must take & roraalized frace, i.e. e ratic of the trace of

the fuzzy wemborship matrix to the trace of the identity matrix.

%
7 {

Tre identity mairix is identified with the least upper bound
=f the domain which represents the total universe of dispourss,
Ome can weoonsitruct the ildemiity by completien the space. We do
this by taking the direct SRl (or integral’ of RALY and meais s,
(mem Figure 3Q) :

m<n;1(§3m<m;§@y =0 O LTa
‘= MR + miaidy (.70

Direct Sum: | - =
-8 muuug Dxthe-Complameat and Fe
{wsigLirtes: (0¥ Bumipln Spaiz) Scnminmiement inte Feodoter

Figs. 8a & 8i: Q-Cdmpieted Fuzzy Epace and the Reiation b?ﬁween
the Ortho-Complement and the Fuzzy Conplement

: Thus, we seg that since it is B‘&‘;Y‘lt“l’:ly Lrue bhat § (P’l{ﬁ-‘ia)
Meaif s c:'j:,;geui:her MR ar mipif ) represants a subspace of
the other. fRisc, both are proger subsocsces of the {compleds)
MHiibert soace. It is imoortant to note, however, that MAL) and
H(ﬁi-&) are not orthogoral. although they can be constguctes from

a complete orthoncrmal basis of oprojection ooerators

14




Trapsforming the Fuzzy Complement and the Orthocomplemerd inﬁa

Lat us call an cperator A the goniupate of arn cosrator B by
a transformation Qggratgr TifF A =T 5 T-}. DBecause the trace is
order indeperndsnt (v LA Bl = v [B Al), such a transtormation is
trace presseving (3r A = t» ET B 7913 = - B T 73 = ¢r B). In
a Hilbert space, a trace greserving transfarmation is a unitary

H{or antiunitary; by Wigner’s Theorem) transformatior.

ke will now exhibit such & unitary transformatios that maps
the arthogonal complement and the Tuzzy comolemant inta each
cther, wmaking Them conjdgatss (see f1guﬁ95 8o & Fi. :

rdm:.'g} = umm*‘w*‘ ‘ (.3

;Tne trace of the ﬁarm311¢E§ identity is i.

Sirce the trace is conserved urdsr aﬁ;tm%y twaﬁsT@rmatlﬂns of the
whole space.

s MAT) = té,ﬁ{‘ﬁ-‘-) = i '—/;aam Y-}

Une can intuitively thinmk of the projection operatowrs of the .
apectral decomposition as slois along the diagonal of a matrix,
(Orlov, 1973, 19783 SBchwinger, 1370, who begins by literslly
Pauarntizing classiecal iogic” within a spectral reaiization; Trai-
nor and Wise, 1379, esp. sect. 9.3 where a "slob! approach o
rearaseﬁtatlaﬁs o7 svmmstry groups is discusses. ) We iliusirate
this in fips. €a & 8b. In fige 10 we iliustrats the Tiltration
progess that ogours during the mu;%xpLxma+;en et Y"fuzzy slots.

DISCUBSION

Sirnceg the Tuzzy lattice structwre can be reoresented by
simultanscusly diagowalized matrices, it is a groper subclass of
LA moye general matrix algebra which admits off-diagonail alasments.
This ceopurs for rnon-digtributive latiices such as are found in
guantum lapics and iz a conssguence of non—commuting orojection
aperatorg. The non-commuting algebra of the gbhservables of ony—
sical pxperisrce is constructions sut of such cperators. It is
possible: o aparationally consinuol an gmpivical lopic for sm-
pirically discernable alternatives or empirical ouesticns . :
(Birkhof ¥ and vaon Neumann, 13363 Finkelstein, 1983, 1988a, 1938b;-;
Jauch, 19&8a, 1596807 Mackey, 1963; Ushins ard MeBoveraw, 1979; ‘
Ushins, 19B2; Piron 1984, 19768¢ Puinam, 1968: von Neumarn, 1955).

Upan being esponentiated, the guantum cosmutators generate the"
synmetries and transtormations of ghyvsioal superiernce.  They . farm -
 npatural eguivalernce class stuctures of alternafive sossibla,
althouoh mutually exclusive, bases within the Hilbert space that
Cparrigs the representaticors.  We suspect that such irreducibile :
gouivaisnce clazss strucstuwres are imporitant T abstract thougnt.
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G:ven- B, = Sm Bli-nad di Gl

M= g- Eﬁ S!b%f’*n“*lds(li

Theorem: .
. -\ g 1
I Y= Sh-i)is(a!, Then WL S;QJA.;,_;;
9 .

@ {Hisorste) 2Hn=1] g
- [2223 3> Ck}
Theorem: | e _

3, = Wy u-!
Erool: L S-St
v U= S 5> da<sH> B3} da CuS 4114
e .

(=Y oo LN
[~ e T

i iy @(un»i]di{x-ﬂ

L™

l=> (1~ @(t=na}] digimil
Letting j-1= 4. {1~ @h-ne1-1) i it

1> @i =D~ ) di il

Lrge B QLI QLTI Ly
-

li}@(l—*ﬁ.s}d){ii

-

g e

Fig. 9: unitary Transformation from Ortho— to Fuziy Comalswent,

: - _
In guarntum formalisms one comsiders a tyvpe of srnocdement of

patterns and of regularities in physical experience which is at
fundamantal variarce with classical parallel prooess modelinD.
The cuantum process is desoribed as a "nén-selecting measure-—
Cmernt.  (Behwinger, 197@). It ccours whern Two empirizal pro-
cpsees are possibie but there is wo emairical proczedure that is

capaibls of GiBtlﬁEulEh‘ﬂ; which one nas actually cccuved. It is

theveny empirically meaningless to speak there being ivdividual
events {iv the classical sense of having a fully da:maed and
Tived sample SEACE) . Guartun theory formally provides for this
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TFUZZY- MUETIPLL

t ; -
M, 5, = Co8t-na) dicy Stf}ﬁum,;d;cu
: Ay a z @ '

5Cai) _
15>8(i-8,) ds (}!6 @u-n.g di <}

14

1
SI!)S(i-n.i)duu
[ 1]

M|

R

Fig. 1@ The Matrix Rpproach to Fuzzy Multiglicationm .

type of Tundamental "ambiguity” DY neans of symmetries on irree
.duecible eguivalence class struciures. ,This can not be formally
acceonplished within classical madwlsuég) "

As originally discussed by von Weirsacker (Heisenberg, 19583
vors Welzsackey, 15835, 1935, 19539, 1971}, the latvice of suospacas-
in Hilbert space provides a weta—-logic Tor our iogiec. This is
true in the Tolliowimg sensse. In a non-distributive logic, such _
as guantum lopic, it can be "trus® that a statement A is "trus ow .
faise” without statemeant & being "true” or statement A being '
“faxlse." ; ,

dver tne past several years from fis imprisonment in the a
Soviet labor camp, Yuri COrlav has been attempting & guantum o
meurapnysiclogy of concests that is similar to, alitncugh inde—
pendent of, our own. {Gshins,. 19683a) He comsiders a type of
ambiguity which he calls a "doubt state" in a situation thats has
*inadeguate rvesolution.”  Orlovis description of Hamlet’s so-

17




liloouy, "To be or not o be?Y (Orlov, 1288} is & pood example of
the kind of irveducible, non—-distributive, possibilistic amdigui-
ty which we have in mind. : '

One can concelive of a "We" fthat is "Tom or Jarme® but is wot
fTam® and is not “Jane.” Indeed, although YHe or Bhe” may be
true. “Black” wmioht be the "adeguate resclution" (Oriov, 1981,
198283 Ushins, 1983h) of the experience. Or, one might consider
avr ivreducible concept of “peopis’, as distinct fraom an enumsra—
tive upeape, as a sub—collection oF abttribute Filters which are
.able to be eguivocated arnd thereby igrorved. For example, if the
construnt approoriate to a context asks Tor "people" then Tow and
Jane would be eguivooable ardd pender wodld not be selectsd. IF

the comtext reguired a Man/lomarn then Tom & Jane wowld maz G
‘eguivorated.

We point out that ohildren offen form such mathematical
"degereracy®. A child freguently will call & cats, dogs, cows,
camd horses by the same hame, say, dog. Our interpretation wougd
be that the child is wmot selecting out Csrtain pevcepts or
voncents, TDog? may tThus mean “Touwr—legged animal” to the chiid.
Similarly, "Like"” is noi “Love” and it is not "noet-Love,” in $his
Csewnse "Like or not-Like" . span all the alternatives. (Osihins and

S M . S

ficGaveran, 1979}.

The gpan is the collisetion of all possible linear super—
positions of the vectors Deing considered. In this zernse it 1o
the leawt aoper bound of the possible vecotors. EBExcepnt in the
trivial case, it is wot an individual vector arnd it nas a higher
gimengionality. Fig. il illustrates how 2 simple progective ‘
gecnetry, such as is Tound iv quantum theory, provides a reali
zation of a nmﬁ~dxsthnut1v& lattice with 3 elemants.

We av&;aseé that certain absiract camaepts sunh as
Lovesnot-Love" & "Like/not-Like" may be complete pairs of line—
arly deperndent alternalives coded with a Hilbert space repre-
sentation 4, iv that sither pair spans a complete space and alliows
for orne to partition ones experience, but that they are linearly
depardent within. a Hilbert space. The interpretation of Diran'’s
"principle of linear superpositicon®  (Divac, 1396393 Feynmawn, 1362}
mighry be Tound within a Hilbert space superposition of actual
Firings the newal coding meohamzsm.} (Oshins armd MoBoverarn,
agﬁaﬁs,_;duh}. ‘ o : ~

Grlmv suggests that guantum Iogic type of strdcture might
have a rele in belief functions o in will Tunctions in terms of
onas capacity to choose amd implement altermative construct
frames of reference. He suggests other copnibtive applications
and other mental furctions which appesyr to be aaﬁgc*azed thh the
superegs of paymhuanaiytzc wcdeia.

. Whew there iz ponstruct. ambiguity. as to which iﬁcémﬁa&ibze
frame is approvriate within a guantum formalism, one speans of
ivdsterminacy betwsen interacting/irterfering obdervables. Such
- sbservables are composed of projection opevators which are ingom—
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patible, ie. they fungtion as "mnan—collineating Filters.™ Guan—
tum dndeterminacy is comouted from the trace of conmutaicrs.
witnivm the matrix alaogora. {The commutator of A with resosct to
B is AR - BR, ie. the difference beiwsern the two ordsrings iwn
matr:x mu¢tzalxmatzonq wihrich vanisnes identicalily in fuzsy
logic.?

OR = Apgregate .
Smatlest thing containing bot.h
Plane

| and = Reduction

Largest thing in common
Poink

§  An(BUC] = [ANBIUIANC]
§ Aprae] = [Point] U[Point]
A = Point

sy b

Fig. 1l: R Projective Geometry Realization
: of a Non-Distributive Lattice..

These cammutators "generats” change and other transforma-
tioms within the eguivalent but gutually incopuensurste {complste
orbthe-normal) bDases systewmz bhat "carvy the reprezantations.?
Since ihe commutators arsg trivially vacucus For fuzzy membaEvrship

symnbals, they can not orovide Tor such tramsformations.  We have

sugnested elsewhere (Usnins, 1381 that these esguivaliernce class
transformations anderly the induted structure of internal mewntal
reprasantat ione such as have beswn found by Shepard (Shepard,
1385 Shegpard and Chipman, 1978). We would say that the expownern—
fiated, rnon—commuting algebra of guantum obsevables Ypererates
symmstries throuagh the auvtomorphisms of the undariyzng lathice

S shrvucturs. :
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Hagas whase proyectiom opevators do not commute cam not be
mads to aline flush with each other. One can $hink of this as nod
heing am lssue of whpther or ot 02 aliternatives arve 0%F o arse
A2, witere AL e B3, but wheither o net Hi is the case or B is
the case. That is to say, guantum structures assert styonaly
that thewa are sucn incompatible (ie. it iz false that AL &9
2313 physical observaple strueiures. These structures coupsip
with 2achothar for Deing able 0 be sinultanegusiy realized.

This ia the formal meaning of physical indeterminacy.

CONDLUSION.

BlEthough we Mave aiDressed sons ressrvations in this paper
about the sfficacy of Tuzzy lcgic o rgoresent the logic of
gxperiance, we nave Tound some helpful intuitive wnderstanding
from this aporoach. We belisve Tuzzy logic to be am interesting
and valuadis approacn o modeling linguistic Turnctions, despite
our raservations a8 to scwe oT the unnerlylnm iattice
assumpni ions, Cur owhn aporoach is similaw, Sut we comsider wore
digtwibutiva iattiges. : -

Part of the sower of the guantuwa logic point of view is that
there is an isomoeonism Detween the iatiice of emplirvical praposi-
tions amd the ghysical Tormalism. (Birkhofff and von Neumann.
1E353 von Neumanrt, 1953). This provides a natural model to look
For rageoshysiclooical corrolates af,cﬁgﬁitiveflqgical struo-
TRCES. E

Negationless logics also onour within physical formalisms.
{(Finkelistein, 1372, 1577} Thess are brought about From a movs
irelusive proud struciture than the uanitary ong oF cuantum thsory.
One can show that in ordey o have a negative coded in the
iaformac ion content of inToramation sigrals one must have a
synonronization between the precavation of the sizgnal and its
measurenent. W2 have suggested sisswnere that such a synohroni-
zation process mighit provide & compactifTication process that is
neceszary for the Fformation of consclious states. {dsnins and
HQEQVEran, 1979 Oshins, 1962, In a Tubture paper, We hops to

further addrsss song of ths Penreawﬂtat;oﬂal anﬁ payenoclogical
pisuliarities of ruzﬂy iggic. ‘

APBENDIX

im this appendix we 1illustrat the lattice Hasse diagrans for
the bkasic three types of latticss which we nave discussed iv this
paber, the ciassical, the Tuzzy, and the nhon—disiributive. He
will consider examples with three slemental builiding blocks. The
rules for drawing the pictures along with the 1ncevgvetatxaﬂa area

fcunu in Figs. la—e.

The Firﬁt diagram is represents the siructure of a classical
lattice compared with its equivalent Ve Diagram. The sscond is
a Tuzzy chain of 3 ﬁleméﬂtE.. The last are examoles of nonr .
distributive latitices. ; ;

e ey g S i U W A T AT bt e i



B=(E0E)- (3gE)"
- (Eog)- e:aﬁmm:
B (DuB)- EPaE)

S A B A e

T re———




Mmm (For QB B, AVIZZR) S (ADEIBE)
Iio_xiggguxg

Bel(A D)= {BUES) = (EHA)

Negative

{xetisot thenugh center of 1uttize) -

LA

Non-Moduiar,
Ng Negative
{no dimension function}

it iz a threorem that any ron-distributive lattice nas
gither the Ffirst of the last of these diagrams as a sudlattice.
In the non-modular case, it seems that ong eqguivocates {(Forms
adiunction with) bDetweern the left intermediate level and bath of
the 1ﬂteraﬁlm3E levels on the right harnd side aT the d:aavam-
ie, it squivocates narts w;zﬁ wntles. :

Qll megular iattices have Finite "unitary reoressntations®
ard likewiszse zli finite unitary representations are modular.  The
weakly-pnodular lattices have infinite dimensicral unitary regra—
seniaticns of the symmetries. Should ouwr tentative intergreta-
 bion that this is how the soecial linear grous in two dimensions
would be represented be covrect, Then the "capacity to modu—
larize' wmight be necessary Tor DOnscliousness. It would 1mpase
the metric structure meéded Tor 8 regative o the logic (Finkel-
stein, 1378, 1977) and make the manifold compact. M= mentioned
above, wWe suspect that global ﬁ&ﬁ?ﬁiﬂglﬂal syncnwaﬂlzatzmn could

be responsible.
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EOQINOTES

1. For AL, A1, AK € A the relationship Ai B (A1 A Ak) CAI A (A7
Y RAk) Molds for any lattice. .

2. Y. Binkava {(RPlinrava, 13717 nhas introduced 8 defiwmition of a
wWwell forned classification oriterion {(WFCC) as & complets
erihonornal basis system. YEvery classiftication oriterion
which is not a WFCL is called a spurious ciaszification
system (SCO). He opoes on To sugo®@st that sxeohanging the
trutn value of onme or more of the basis elements of a WWLC,
thereby degrading the classification oriterion so that it
pecomes an BLC, may be responsible for psvohotic everts such
a5 those exhibited in schizophrewia. Strictly fuzzy is .

" always a BCC within this interpretation. -

3. "R1l diagonal matvices pommute, and_the product of two
diagoral matwices is again diagonal.” {(Wigrer, 1953, p. 8.3
Re a result, fuzzoy 1agzc ie omly embedded within cur matrix
aigebra which in gerneral weuld have of F~diagonal slements
along with the on diagornal omes, ie. there are cbservavls
sntitiss whoss cparatars can not e sinulitanecsusly diapon—-
alized. UOrne finds suoh 1ﬁraduc1a;e waarﬂﬁantatxanﬁ withinm
auaﬁhnm thearies ;

G "L..bhere is oo difference petween the possiility of de—
soribivg a veal or imaginad mode wf behavior completely and
unambiguously iv words, and the possibility ¢ realizing it
by a Tinite formal neural network. The two ooncepts are
coaxtensive. " "...avery net...can conpute only such numbers.
as can a Twring maching. y.2ach of the latiter rumbers can be
computed by such a nat....” {von Neumart, 1931).
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